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PREFACE 



The theory of equations is not only a necessity in the subsequent 
mathematical courses and their applications, but furnishes an illumina- 
ting sequel to geometry, algebra and analytic geometry. Moreover, 
it develops anew and in greater detail various fundamental ideas of 
calculus for the simple, but important, case of polynomials. The 
theory of equations therefore affords a useful supplement to differential 
calculus whether taken subsequently or simultaneously. 

It was to meet the numerous needs of the student in regard to his 
earlier and future mathematical courses that the present book was 
planned with great care and after wide consultation. It differs essentially 
from the author's Elementary Theory of Equations, both in regard to 
omissions and additions, and since it is addressed to younger students 
and may be used parallel with a course in differential calculus. Simpler 
and more detailed proofs are now employed. The exercises are simpler, 
more numerous, of greater variety, and involve more practical apphcations. 

This book throws important light on various elementary topics. 
For example, an alert student of geometry who has learned how to bisect 
any angle is apt to ask if every angle can be trisected with ruler and 
compasses and if not, why not. After learning how to construct regular 
polygons of 3, 4, 5, 6, 8 and 10 sides, he will be inquisitive about the 
missing ones of 7 and 9 sides. The teacher will be in a comfortable position 
if he knows the facts and what is involved in the simplest discussion to 
date of these questions, as given in Chapter III, Other chapters throw 
needed hght on various topics of algebra. In particular, the theory 
of graphs is presented in Chapter V in a more scientific and practical 
manner than was possible in algebra and analytic geometry. 

There is developed a method of computing a real root of an equation 
with minimum labor and with certainty as to the accuracy of all the 
decimals obtained. We first find by Homer's method successive trans- 
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fonned equatiooB whose number is half of the deared number of mgm'ficant 
figures of the root. The final equation is reduced to a linear equation 
by applying to the constant term the correction computed from the 
omitted tenus of the second and higher degrees, and the work is complet«d 
by abridged division. The method combines speed with control of 
accuracy. 

Newton's method, which is presented from both the graphical and 
the numerical standpoints, has the advantage of being applicable also to 
equations which are not algebraic; it is applied in detail to various such 
equations. 

In order to locate or isolate the real roots of an equation we may 
employ a graph, provided it be constructed scientifically, or the theorems 
of Descartes, Sturm, and Sudan, which are usually neither stated, nor 
proved, correctly. 

The loi% chapter on determinants is independent <tf the earlier chap- 
ters. The theory of a general system of linear equations is here pre- 
sented also from the standpoint of matrices. 

For valuable suggestions made after reading the preliminary manu- 
script of this book, the author is greatly indebted to Professor Bussey 
of the University of Minnesota, Professor Roever of Washington Uni- 
versity, Professor Kempner of the University of lUinois, and Professor 
Young of the University of Chicago. The revised manuscript was much 
improved after it was read critically by Professor Curtiss of Northwestern 
University. The author's thanks are due also to Professor Dresden of 
the University of Wisconsin for various useful suggestions on the 
proof-sheets. 
Cbicago, 1921. 
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Complex Numbers 

1. Square Roots. If p is a positive real number, the symbol V^ is 
used to denote the positive square root of p. It is most easily computed 
by logarithms. 

We shall express the square roots of negative numbers in terms of the 
symbol t such that the relation 1^= — 1 holds. Consequently we denote 
the roots of a^ = — 1 by i and — i. The roots of a^ = — 4 are written in the 
form ±2i in preference to ±V— 4. In general, if p is positive, the roots 
of 1^=— p are written in the form ztVp i in preference to ±V— p. 

The square of either root is thus (Vp)H'=—p. Had we used the leas desirable 
Dotation ± v ~P for the roots of x'— —p,ve might be tempted to find the square of 
either root by multiplying together the values under the radical sign and conclude 
erroDeousIy that 

To prevent such errors we use Vp i and not V — p. 

2. Complex Numbers. If a and b are any two real numbers and 
?=— 1, o+btis called & complex number ^ anda— 6i its conjugate. Either 
is said to be zero if a = b=0. Two complex numbers a+bi and c+di 
are said to be equal if and only if a = c and b=d. In particular, a+bi=0 

' Complex numbers are essentially couples of ical numbers. For a treatmeDt from 
this standpoint and a treatment based upon vectors, see the author's Elvmenlory Theory 
<^ EqaoliORf, p. 21, p. 18. 
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if and only if a— 6=0, If 67^0, a+fn is said to be imaginary. In partic- 
ular, bi is called a pure imaginary. 

Addition of complex numbers is deiined by 

(a+W)+{c+di-) = (a+c)+(6+d)i. 

The inverae operation to addition is called subtraction, and consists in 
finding a complex number x such that 

(c+dtO+z-o+W. 
Is notation and value, z is 

(a+W)- (c+d»-) = Ca-c)+(6-d).-. 
Multiplication is defined by 

(a+W) (c+di)=ac-M+(ad+6c)i, 
and hence is performed as in formal algebra with a subsequent reduction 
by means of (^ => — 1. For example, 

(a+W) (a-W)=a2-6V=aZ+y. 
Division is defined as the operation which is inverse to multipUcation, 
and consists in finding a complex number q such that (a+&t)9=e+/i. 
Multiplying each member by a—bi, we find that 9 is, in notation and 
value, 

c+fi {e+fi) ja-U) _ ae+hS , af-be . 
a+bi' oHfc^ 'a'+V''*' «H(^*- 
Since a'+i^=0 implies a~b-0 when a and b are reai, we conclude that 
division except by zero is possible and unique. 

EXERCISES 

Express u complex numbers 

1. V-g. 2. V7. 3. (V^+V-25) V-16. 4. -|. 

2+V^ 2-3« a— W 

9. Prove that the lum of two coDJug&te complex numben b real and that their 
difference is a pure imagiDuy. 

10, Prove that the oonjugate of the sum of two complex numbers is equal to the 
■urn of their coDjupitea. Does the result hold true if each word mm is replaced by the 
word di&erenceT 
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11. PioTB that the oonjugftte of the produot (or quotient) of two complex nuroben 
ii eqiul to the product (or quotient) of their conjuptes. 

12. Prove that, if the produot of two complex numbers is wro, ttt leaat one of them 
biero. 

13. Find two pain of reel numben x, y for which 

(*+»«■)•- -7+Mi. 
Ai in Ex. 13, expnn u complex numbert tine square roots of 

U. -11+eOi. IS. S-l». le. 4ed+i2o'-2iP)i. 

S. Cobe Roots of Unify. Any comply number x whose cube is equal 
to unity is called a cube root of uruty. Since 

i3-i»(i-i)(ia+i+l), 

the roots of a^ B 1 are 1 and the two numbers x for which 

«»+x+l-0, (a!+i)==-i x+i.±iV3.-. 
Hence there are three cube roots of unity, viz., 

1, «- -i+iVii, »'» -i-iVs t. 
In view of the origin of u, we have the important relations 
«!'+u+l = 0, u» = l. 
Knee (jm'=1 and w'=»l, it follows that w'^w*, «■=«''. 

i. Geometrical Representation of Complex Numbers. Using rect- 
angular axes of coordinates, OX and OY, we represent the complex number 
o+bi by the point A having the codrdinates a, b (Fig. 1). 

The positive number r-Va^+fc" giving K 
the length of OA is called the modulw (or 
absoluie value) of a+bi. The anj^e B-XOA, 
measured coimter-clockwise from OX to OA, 
k called the amplitude (or argument) of a+bi. 
Thus cos B==a/T, sin 8—b/r, whence 
(1) o+W-r(cos 8+i sin 8). Fro. 1 

The second member is called the trigonometric form of a+bi. 

For the amplitude we nu^r select, instead of B, any of the angles 0±36O°, 
#±720°, etc. 
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Two complex numbers are equal if and only if their moduli are equal 
and an amplitude of the one is equal to an am^tude of the other. 

For exunpk, the cube roots of unity are 1 and 
-cos 120° +t sin 120°, 

=ooa 240''+i sin 240°, 

and are represented by the points marked 1, u, u' 

at the vertices of an equilatenil triangle inscribed 

in a circle of radius unity and center at the origin 

(Fig. 2). The indicated amplitudes of u and w* 

are 120° and 240° respectively, vhile the modulus 

'■"^ of each is 1. 

The modulus of —3 is 3 and its amplitude is ISO" or 180° plus or minus the product 

of 360° by any positive whole number. 

6. Product of Complex Numbers. By actual multiplication, 

[r(coB 0+i sin 9)J |r'(cos a+i sin «)] 

= rr'( (cos fl cos a— sin ffsina)+i(8in flcosa+cosffsina)] 

-rr'[cos (fl+a)+i8in (0+a)], by trigonometry. 

Hence tiie modvlua of the product of two complex numbers is equal to the 
product (^ their moduli, while the amplitude of the product is equal to the 
sum of their amplitudes. 

For example, the square of u— cos 120°+iBin 120° has the modulus 1 and the ampli- 
tude 120°+120° and hence is u*-cos 240°+i sin 240°. Again, the product of » and u* 
has the modulus 1 and the amplitude 120°+240° and hence is cos 360°+t sin 360°, 
which reduces to 1. This agrees with the known fact that u'—l. 

Taking r— r'— 1 in the above relation, we obtain the useful formula 

(2) (cob tf+t sin 9) (cosa+i sin a) =cob (»+«)+» sin (9+a). 

6. Quotient of Complex Numbers. Taking a=ff~ $ in (2) and divid- 
ing the mfembets of the resulting equation hy cob 0+i sin 0, we get 

°°°fl:'r! -costf-»)+.»°(i3-»). 
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Hence Oie ampHUuk of the guolienl of R{cob p+i ein 0) by r(co8 d+i ain 9) 
is equal to the dijference $~d of their amplitudea, while the modidiis of the 
quotient is equal to the quotient R/r of their moduli. 
The case ^=0 gives the useful formula 

= co8fl— ism $. 



cos fl+isin B 

7. De Moivre's Theorem. If nia any positive whole number, 

(3) (eostf+tsin 9)''=co8n8+ia.nn6. 

This relation is evidently true when n=l, and when n=2 it follows 
from formula (2) with a = 8. To proceed by mathematical induction, 
suppose that our relation has been established for the values 1, 2, . . . , m 
of n. We can then prove that it holds also for the next value m+1 of n. 
For, by hypothesis, we have 

(cos 6+i sin fl)" = cos m$+i sin m$. 
Multiply each member by cos 6+i sin 0, and for the product on the right 
substitute its value from (2) with a = m6. Thus 

(fime+ia.nff)'''*'^ = {cos0+iBme) (cosmfl+isinmff), 
= cos ie+me)+i sin (8+m6), 
which proves (3) when n=m+l. Hence the induction is complete. 
Exampke are furnished by the results at the end of |fi: 

(cos !20°+i Bin 120°}>=co8 240°+^ sin 240°, 
(cos 130° +t sin 120°)' =co8 360°+t sin 360°, 

8. Cube Roots. To find the cube roots of a complex number, we first 
express the number in its trigonometric form. For example, 

4V2+4V2 i=8(cos 45°+i sin 45°). 

If it has a cube root which is a complex number, the latter is expressible 
in the trigonometric form 

(4) r(cos 9+i sin $). 

The cube of the latter, which is found by means of (3), must be equal 
to the proposed number, so that 

r^(co8 36+i sin 3fl) =8fcoB 45''+t sin 45°). 
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llie moduli r^ and S must be equal, so that the positive real number r 
is equal to 2. Furthermore, 39 and 45° have equal cosines and equal 
sines, and hence differ by an integnJ mulitple of 360°. Hence 3<}=45°+ 
fc-360'', or fl = 15''+A-120°, where A is an integer.' Substituting this 
value of 6 and the value 2 of r in (4), we get the desired cube roots. The 
values 0, 1, 2 of Jb give the distinct results 

fli-2(cos IS'+isin 15°), fl2 = 2(coH 135''+i8in 135'), 
fl3 = 2(cos 255°+t sin 255°). 

Each new integral value of k leads to a result which is equal to Rt, 
R% or R2. In fact, from k=Z we obtain Ri, from i=4 we obtain A3, from 
k^5 we obtain Rz, from k = & we obtain R\ again, and so on periodically. 



1. Verify that Kt-uA, Rt-u'R,. Verify that £■ is a cube root of 8 (oob 45°+ 
iain 4S°) by cubing R, and applying De Moivre's theorem. Why &re the new expreniona 
for Rt and Si evidmtly also cube roots? 

2. Find the three cutie roots of —27; those of — t; thoee of ». 

3. Find the two square roots of i; those of — i; thoae of u. 

4. Prove that tlie numben cos e+i sin e and no othen are represented by points 
on the circle of radius unity whose center is the origin. 

6. If a+hi and e+di are represented by the points A and C in Fig. 3, prove tJut 
their sum is represented by the fourth vertex 5 of the parallelogram two of whose aidn 
are OA and OC. Hence show that the modulus of the sum of two complex numbers 
is equal to or less than the sum of their moduli, and is equ^ to or greater than the dif- 
ference of their moduli. 




> Here, as elsewhere when the contrary is not specified, lero and negative as wdl 
as positive whole numbers are inchided under the term "integer." 



I 9] ROOTS OF COMPLEX NUMBERS 7 

0. Let r and r* be the moduli and 9 and a the amplitude of tvo complex numben 
repTeaented by the points A &nd C in Fig. 4. Let U be the point on Uie z-axis one 
unit to the right of the origin O. Construct triangle OCP similar to triangle QUA and 
similarly placed, so that correeponding sides are OC and OU, CP and UA, OP and OA, 
while the vertices 0, C, P are m the same order (clockwise or count«r-clockwise) as 
the corresponding vertices 0, U, A. Prove that P represents the product ( } 5) of the 
complex numbers represented by A and C. 

7. If a+bi and t+fi are represented by the points A and S in Fig. 3, prove that 
the complex number obtained by subtracting a+bt from «+/t is represented by the point 
C. Hence show that th? absolute value of the difference of two complex numbera is 
equal to or less than the sum of their absolute values, and is equal to or greater than 
the difference of their Bbeolut« values. 

8. By modifying Ex. 0, show how to construct geometrically the quotient of two 
complex numbers. 

9. nth Roots. As illustrated in § 8, it is evident th&t the nth roots 
of any complex number ^(coavl+isin A) a'-e the products of the nth 
roots of COB A +1 sin A by the positive real nth root of the positive real 
number p (which may be found by logarithms). 

Let an nth root of cos A+i'^ A be of the form 

(4) r(c08 fl+t sin 0). 
Then, by De Moivre's theorem, 

r"(co8 n0+i sin n9) = cos A +t an A. 

The moduli r* and 1 must be equal, bo that the positive real number r 
is equal to 1. Since n9 and A have equal sineB and equal cosines, tbey 
differ by an integral multiple of 360°. Hence n9=A+^-360°, where k 
is an integer. Substituting the resulting value of d and the value 1 of r 
in (4), we get 

(5) COB ( 1 +t sin f j. 

For each integral value of k, (5) is an answer since its nth power reduces 
to cos A +t sin A by DeMoivre's theorem. Next, the value n of A; gives 
the same answer as the value of k; the value n+1 of k gives the same 
answer as the value 1 of k; and in general the value n+m of k gives the 
same answer as the value m of k. Hence we may restrict attention to 
the values 0, 1 n— 1 of ft. Finally, the answers (5) given by these 
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values 0, 1, . 
points whose 
tudes are 



. . , n— 1 of A; are all distinct, since they are represCDted by 
distance from the origin is the modulus 1 and whose anipli- 



A , (n- 1)360° 



BO that these n points are equally spaced points on a circle of radius unity, 
noted at the end of § 10. Hence any complex number 
has exactly n diMinct complex nlk roots. 



different from 

10. Roots 
Hence by § 9 

(6) 



of Unity. The trigonometric form of 1 is cos 0°+* sin 0°. 
with A=Q, the n distinct nth roots of unity are 



(fc=0, 1, 



where now the angles are measured in radians (an angle of I 

being equal to t radians, where ir = 3,1416, approximately). For A;=0, 

(6) reduces to 1, which is an evident nth root of unity. For Jt = 1, (6) is 



(7) 



R=co3 1-1 sin — . 



By De Moivre's theorem, the general number (6) is equal to the 
Ath power of R. Hence the n distinct rath roots of unity are 
(8) R,R'.R^,.. . ,R'-',R-=l. 

As a special case of the final remark in § 9, the n complex numbers 
(6), and therefore the numbers (8), are represented geometrically by the 
vertices of a regular polygon of ra sides inscribed in the circle of radius 
unity and center at the origin witli one vertex on the positive x-axis. 




Forn=3, the numbers (S) ar 

sent«d in Fig. 2 by the vertices of 
Forn = 4, fl = cos i/2 +1 sin »/ 



0, u', 1, which are repre- 
equilat«ral triangle. 

= t. The four fourth roots 
of unity (8) arc ;, i'=-l, i'^-i, i* = l, which are repre- 
sented by the vertices of a square inscribed in a. circle of 
radius unity and center at the origin (Fig. 5), 
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1. Simplify the trigonometric fonns (6) of the four fourth roots of unity. Check 
the result by factoring x'—l. 

2. For n-6, show that R= — «'. The sixth roots of unity are the three cube roots 
of unity and their negatives. Check by factoring x'—l. 

3. From the point representmga+W, how do you obtain that representing — (o+W)? 
Hence derive from Fig. 2 and Ex. 2 the points representing the sin sixth roots of unity. 
Obtain this result another way. 

4. Find the five fifth roots of —1. 

5. Obtain the trigonometric fonns of the nine ninth roots of unity. Which of 
them are cube roots of unity? 

6. Which powere of a ninth root (7) of unity are cube roota of imity? 

11. Primitive nth Roots of Unity. An nth root of unity is called 
primitive if n is the smallest positive integral exponent of a power of it 
that is equal to unity. Thus /j is a primitive nth root of unity if and only 
if p" = l and pVl for all positive integers Kn. 

Since only the last one of the numbers (8) is equal to unity, the number 
R, defined by (7), is a primitive nth root of unity. We have shown that 
the powers (8) of R give all of the nth roots of unity. Which of these 
powers of R are primitive nth roots of unity? 

Fern -4, the powers (8) of fi=i were seen to be 

The first and third are primitive fourth roots of unity, and their exponents 1 and 3 
are relatively prime to 4, i.e., each has no divisor >1 in common with 4. But the 
secondandfourtharenot primitive fourth roots of unity (since the square of —1 and the 
first power of 1 are equal to unity), and their exponents 3 and 4 have the divisor 2 in 
common with r=4. These facts illustrate and prove the next theorem for the case 
n=4. 

Theorem, The primiiive nth roots of unity are those of the numbers 
(8) whose exponents are relatively prime to n. 

Proof. If k and n have a common divisor d (d> 1), S* is not a primitive 
nth root of unity, since 

and the exponent n/d is a positive integer less than n. 



COMPLEX NUMBERS 



But if k and n are relatively prime, i.e., have no common divi8or>l, 
B* 18 a primitive nth root of unity. To prove this, we must show that 
(B*)Vl if Z is a positive integer <n. By De Moivre's theorem. 



If this were equal to unity, 2kiw/n would be a multiple of 2t, and hence 
H a multiple of n. Since k is relatively prime to n, the second factor I 
would be a multiple of n, whereas <l < n. 



1. Show that the primitive cube roots of unity are a and «'. 

2. For R given by (7), prove that the primitive nth roots of unity are (0 for n"6, 
fi,fl«; (ti) forn=8, fl, B', R', fi"; (iti) tor n = 12, R, R', fl', B"- 

3. When n iH a prime, prove that any nth root of unity, other than I, is primitive. 
"4. Let fl be a primitive nth root (7) of unity, where n ia a product of two different 

primes p and q. Show that R, . . . , R" are primitive with the exception of R", R*^, . , ., 
B", whose gth powers are unity, and fi*, B^, . . . , B", whose pth powers are unity. 
Tliese two seta of exceptions have only R** in common. Hence there are exactly 
pj— p— 9+1 primitive nth roots ot unity. 

" 5. Find the number of primitive nth roota of unity if n is a square of a prime p. 
6. Extend Ex. 4 to the caae in which n is a product of three distinct primes, 

■* 7. If A ia a primitive 15t!i root (7) of unity, verify that B', B', B", B" are the primi- 
tive fifth roots of um'ty, and B' and B'° are the primitive cube roots of unity. Show 
that their eight products by paira give all the primitive 15th roots of unity. 

<' 8. If p ia any primitive nth root of unity, prove that p, p*, . . . , p" are distinct and 
give all the nth roots of unity. Of these show tliat p* is a primitive nth root of unity 
if and only if ifc is relatively prime to n. 

9. Show that the six primitive I3th roots of unity are the negatives of the primi- 
tive ninth roots of unity. 



Eleuentabt Thbobkhs on the Roots of ah Equation 

12. Quadratic Equation. If a, b, c are given numbers, ap^O, 
(1) ax^+bx+c=0 {a^O) 

is called a quadratic equaHon or equation of the second degree. The 
reader is familiar with the following method of solutioa hy " completing 
the square." Multiply the terms of the equation by Aa, and transpose 
the constant term; then 

Aa^x^-\-Aabx= — 4ac 

Adding h^ to complete the square, we get 

C2ax+5)='=A, A=s62-4ac, 

,_, -fc+V^ -6-Va 

(2) *>=-ir- ^=— 2r- 

By addition and multiphcation, we find that 

(3) a:i+X3=— -, a:ia:2=-. 

Hence for all values of the variable x, 

(4) a{x—xi) {x~X2)=(a?—a{x\+X2)x-\-ax\X2^<u^+hx-\-c, 

the sign = being used instead of = since these functions of x are idenHcaily 
equal, i.e., the coefficients of like powers of x are the same. We speak 
ofa{x—xi) (x— la) aa the /octored/orm of the quadratic function ox^+fer+C 
and of x—Xi and x—X2 as its linear factors. 

In (4) we assign to x the values xi and X2 in turn, and see that 

= 0X1^+6X1 + 0, = OX2^+6X2+C 

Heace the values (2) are actually the roots of equation (1). 

We call A = I»^— 4ac the discriminant of the function ax^+bx+c or 
of the corresponding equation (1). If A = 0, the roots (2) are evidently 
equal, so that, by (4), ax^+bx+c is the square of Vo(x— xi), and con- 
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vereely. We thus obtain the useful result that ax'+bx+c is a perfect 
square (of a linear function of x) if and only if 6^=4oc {i.e,, if its discrimi- 
nant is zero). 

Consider a real quadratic equation, i.e., one whose coefficients a, b, c 
are all real numbers. Then if A is positive, the two roots (2) are real. 
But if A is negative, the roots are conjugate imaginaries (§ 2). 

When the coefficients of a quadratic equation (1) are any complex 
numbers, A has two complex square roots (§ 9), so that the roots (2) of 
(1) are complex numbers, which need not be conjugate. 

For example, the diacriminant of j'— 2i+c is A = 4(I— c). It c — 1, then 4 = and 
i'— 2i+lEa(i— 1)' is a perfect square, and the roots 1, 1 of a'— 2i+I=0 are equal. 
If c = 0. 4 = 4 is positive and the roots and 2 of z'— 2isr(i— 2)=0are real. If c = 2, 
A — —4 ia n^ative and the roots 1±V — 1 of z'— 2i+2=0 are conjugate complex 
numbers. The roots of «'— i+l+i=Oare t and 1—i, and are not conjugate, 

13. Integral Rational Fimction, Polynomial. If n is a positive int^^r 
and Co, ci, . . . , Cf are constants (real or imaginary), 

f{x) = co:^+Ci^~^+\ . . +e^-iX+Cn 

is called a polynomial in x of degree n, or also an integral ratumal function 
of X of degree n. It is given the abbreviated notation f{_x), just as the 
logarithm of :c+2 is written log (x+2). 

If co?*0, /(x)=0 is an equation of degree n. If n = 3, it ia often called 
a cuWc equation; and, if 7(=4, a quartic equation. For brevity, we often 
speak of an equation all of whose coefficients are real as a real equation. 

14. The Remainder Theorem. If a pdytumiial f{x) he divided by 
x—c until a remairuler independent of x is Attained, this remainder is equal 
to f{c) , which is the value of f{x) when x = c. 

Denote the remainder by r and the quotient by q(,x). Since the 
dividend is fix) and the divisor is x—c, we have 

f(x)^(.x-c) qix)+r, 
identically in *. Taking i = c, we obtain /(c) =r. 

If r = 0, the division is exact. Hence we have proved also the follow- 
ing useful theorem. 

The Factor Theorem. // /(c) is zero, the polynomial f(x) has the 
factor x—c In other words, if c is a root of f{x) = 0, x—c is a factor of 
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For emnple, 2 is a root of x*— IJ— 0, bo that x— 2 is a factor of :^—8. AnoQuer 
illustration is furnished by fonnula (4) 

EXERCISES 

Without actual division find the remainder when 

1. x'-3x'-x-6 is divided by i+3. 

2. x*-3x'+&e-6 is divided by x-3. 
Without actual diviaion show that 

3. ]ai:'°+19i'+l is divisible by x+1. 

4. 2«*-i'-6i'+4i -8 is divisible by x-2andj:+2. 

5. a;*-3i>+3J:'~3a;+2 is divisible by r-l andx-2. 

6. H-ljr'-l.r*-! are divisible by r-1. 

7. By performing the indicated multiplication, vraify that 

r»-l«{r-l) (r"-'-|-r»-*+ . . . +r+l). 

8. In the last identity replace r by x/y, multiply by y", and derive 

iT-y'mix-y) (I— i+j:— 3i,+ . . . +jy-i+^-»). 

9. In the identity of Exercise 8 replace y by — y, and derive 

x"+I/"-{a;+a) («"-'-x"-V+ ■ ■ - -*y"-'+/^'), "odd; 
ar-i/*m(x+y) {^->_a:»-!'j,+ . . . +a/-i_j^-i), „even. 

Verify by the Factor Theorem that x+y is a factor. 

10. If a, ar, or', . . ., or' ~ ' are n numbers in geometrical progremon (the ratio of any 
term to the preceding being a constant r^l), prove by Exercise 7 that their sum is 
•qual to 

air" -I) 
r-1 ' 

11. At the end of each of n years a man deposits in a savings bank o dollars. With 
annual compound interest at 4%, show that bis account at the end of n years will be 



dollars. Hint: The final deposit draws do interest; the prior deposit will amount to 
a(1.04) dollars; the deposit preceding that will amount to o(l,04]* dollars, etc. Hence 
apply Exercise 10 for r = 1 .04. 

16. Synthetic Divisioa. The labor of computing the value of a poly- 
nomial in X for an assigned value of x may be shortened by a simple device. 
To find the value of 

a^+3i3-2x-5 
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for x=2, note that x*=x-3?=23^, bo that the sum of the first two terms 
of the polynomial is 53?. To 5a:^ = 5-2':c we add the next term —2x and 
obtain 18x or 36. Combining 36 with the final term —5, we obtain the 
desired value 31. 

This computation may be arranged systematically as follows. After 
supplying zero coefficients of missing powers of x, we write the coefficients 
in a line, ignoring the powers of x. 

13 -2 -6 U_ 
2 10 20 36 



1 5 10 18 31 



First we bring down the first coefficient 1. Then we multiply it by the 
given value 2 and enter the product 2 directly under the second coefficient 
3, add and write the sum 5 below. Similarly, we enter the product of 
5 by 2 under the third coefficient 0, add and write the sum 10 below; etc. 
The final number 31 in the third line is the value of the polynomial when 
x = 2. The remaining numbers in this third line are the coefficients, in 
their proper order, of the quotient 

x8 +51^+103:+ 18, 

which would be obtained by the ordinary long division of the given poly- 
nomial by x~2. 

We shall now prove that this process, called synthetic division, enables 
us to find the quotient and remainder when any polynomial f{x) is divided 
byx— c Write 

/{j;)=aox"+aii"-*+ . . . +a^, 

and let the constant remainder be r and the quotient be 

qix) sbox~-'+bi7f-^+ . . . +fc._i. 
By comparing the coefficients otf(x) with those in 
(x-c) g(a;)+r=hoX"+(i>i-c6o)a:"-' 

+ ib2-dii)x^-^+. . . +(fc„-i-c6n-!)x+r-c6,_„ 
we obtain relations which become, after transposition of terms, 
bo=ao, bi=ai+cbo, fc2=a2+cfci, . . . , fi,_i=(i„_i-|-c6,_2, r = a»+c6«-.i. 
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The stepB in the work of computing the b'a may be tabulated as follows: 

flo Oi 02 ... fl„_i 0, I c _ 

c6o cfei ... c6„_a c6„_i 



6o hi ^ ■ ■ • ^i-ij r 
In the second space below ao we write 6o (which is equal to oo). We 
multiply 6o by c and enter the product directly under oi, add and write 
the sum bi below it. Next we multiply 6i by c and enter the product 
directly under 02, add and write the sum bz below it; etc. 

EXERCISES 

Woric each of the fottowing exercises by synthetic division. 
■1. Divide a:'+3a;>-2a;-5 by a;-2. 
-2. Divide 2a^-i'+2a;-l by a:+2. 

3. Divide i'+6j;'+l(te-l by a;-0.09. 

4. Find the quotient of z'— 5x'— 2x+24 by x— 4, and then divide the quotient by 
af-3. What are the roots of r'-5i'-2x+24=0? 

6. Given that i'-2x'-7i'+8i+12=0 has the roots -1 and 2, find the quadratic 
equation whose roots are the remaining two roots of the given equation, and find theee 
roots. 

6. tfjH-2x'-12a;'+lft(+3=0 has the roots 1 and -3, find the remaining two roota. 
• 7. Find the quotient of 2j*-i'-ftr*4-4i-8 by x'-i. 
•8. Find the quotient of a;*-3i»+3i'-3j+2 by 3;'-3x+2. 
9. Solve Exercises 1, 2, 3, 6, 7 of 1 14 by synthetic division. 

16. Factored Fonn of a Polynomial. Consider a polynominal 

/(z)=coJ^+Ci:c"-'+... .+C {co^O), 

whose leading coefficient cq is not zero. If /(x) = has the root ai, which 
may be any complex number, the Factor Theorem shows that f{x) has the 
factor x—ai,BO that 

f(x)m(x-ai)Q(x), Q(x)-CoiC"-Hci's-H . . . +C^_i, 
If Q(x) = has the root aa, then 

Q{x)^{x-c^)Q,{x), fix)M^-ai) (x-a2)Qi(x). 
If Qi{x) =0 has the root as, etc., we finally get 

(5) f(x) = Co{x-ai) (x-a2) . . . (l-Oo). 

We shall deduce several important conclusions from the preceding 
discussion. First, suppose that the equation f(x) = of degree n is known 
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to have n distinct roots on, . • . , an- In f{x) = ix—ai)Q{x) take x^aa; 
then 0—{a2—ai)Qia2), whence Q(a2)=0 and Q(x) = has the root aa. 
Similarly, Qiix) = has the root aa, etc. Thus all of the assumptions 
(each introduced by an " if ") made in the above discussion have been 
justified and we have the conclusion (5). IJence if an equation /(a:) = 
of degree n has n distinct roots ai, ...,«,, f{x) can be expressed in the 
factored form (5). 

It follows readily that the equation can not have a root a different 
from ai, . . . , Ob. For, if it did, the left member of (5) is zero when 
x=a and hence one of the factors of the rij^ht member muRt then be zero, 
say a—aj=0, whence the root a is equal to aj. We have now proved 
the following important result. 

Theorem. An equation of degree n cannot have more than n distinct roots. 

17. Multiple Roots,i Equalities may occur among the a's in (5). 
Suppose that exactly mi of the a's (including ai) are equal to ai; that 
offiT^ai, while exactly wia of the a'a are equal to aa; etc. Then (5) becomes 

(6) fix)=Co{x—ai)'"'(x-a2)'". . . (x-at)'"t, mi+m2+ . . . +mt=n, 

where ai, . . . ,ai are distinct. We then call oi a root of muUiplicity mi 
of f(x) = 0,a2& root of multiplicity ma, etc. In other words, on is a root 
of multiplicity wii of f(x)=0 iif{x) is exactly divisible by (i— ai)™, but is 
not divisible by (i—ai)""*'. We call ai also an mi— fold root. In the 
particularcase8mi = l, 2, and 3, we also speak of on as a simple root, double 
root, and triple root, respectively. For example, 4 is a simple root, 3 a 
double root, —2a triple root, and 6 a root of multiplicity 4 (or a 4-foId 
root) of the equation 

7(a;-4) (x-Z)'^{x+2)Hx-Q)* = 

of degree 10 which has no further root. This example illustrates the 
next theorem, which follows from (6) exactly as the theorem in § 16 
followed from (5). 

Theorem. An equation of degree n cannot ham more than n roiOs, 
a root of multiplicity m being counted as m roots. 

18. Identical Polynomials. // tivo polynomials in x, 

<ioa^+oix"-'+ . . . +0., fcoa^+6ii"-'+ . . . +fe., 
< Multiple rootB are treated by calculua in S 58. 
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each qf degree n, are equal in value for more than n distinct values :)f x, they 
are term by term identical, i.e., 00 = 60, Oi = 6i, ■ ■ • , a» = &ii. 

For, taking their difference and writing Co=oo— 6d, . ■ • , c,=a»— i^i, 
we have 

(^+cii->+ . . . +c=0 

for more than n distinct values of x. If Cqt^O, we would have a contra- 
diction with the theorem in § 16, Hence Co=0. If Ci^O, we would have 
a contradiction with the same theorem with n replaced by n— 1. Hence 
Ci=0, etc. Thus ao = bo, Oi=6i, etc. 



1. Find a cubic equation having the toots fl, 1, 2. 

2. Find a quartic equation having the roots ±1, :t2. 

3. Find a quartio equation having thetwo double roots 3 and —3. 

4. Find a quartic equation having the root 2 and the triple root 1. 

5. What is the condition that ax'-i-bx+c^O shall have a double rootT 

6. If (ioi'*+ . , . +'',=0 has more than n distinct roots, each coefficient is cero. 

7. Why is there a single answer to each of Exorcises 1-4, if the coefficient of the 
highest power of the unknown be taken equal to unity? State and answer the cor- 
responding general question. 

19. The Fundamental Theorem of Algetffa. Every alg^raic equation 
vrilh complex coefficients has a complex {real or imaginary) root. 

This theorem, which is proved in the Appendix, imphes that every 
equation of degree n has exactly n roots if a root of multiplicity m be counted 
as m roots. In other words, every integral rational function of degree n 
is a product of n linear factors. For, in § 16, equations /(x)=0, Q(x) = 0, 
Qi(x) =0, . . . each has a root, so that (5) p.nd (6) hold, 

20. Relations between the Roots and the Coefficients. In g 12 we 
found the sum and the product of the two roots of any quadratic equation 
and then deduced the factored form of the equation. We now apply 
the reverse process to any equation 

(7) /{x)=Cox"+cia^-'+ ... +c„ = {co^O), 
whose factored form is 

(8) f{x)^Co{x~ai) (a:-«2) . . . (x-a^). 

Our next step is to find the expanded form of this product. The following 
special products may be found by actual multiplication: 
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(ar-ai) (a:-a2)=l^-(oi+«2)x+aia2, 
(a:i—ai)(a;—a2){x— 03) =!*— {0:1+02+0(3)1^+ (ai02+«ia3+«2a3)x-aiazaa. 
These identities are the cases n=2 and n = 3 of the following general 
formula: , 

(9) (Xi~ai) (x-as) . . . {x~a,)^3f'-{ai-\- . . . +o»)a?-' 

+ (aia2+aia3+a203+ ■ ■ . +«,_ia«)l""* 
— (010:203+0:10:204+ . . . +ai,-20,_io:.)i"~' 
+ . . . +(— l)"oia2 . . . o», 
the quantities in parentheses being described in the theorem below. If 
we multiply each member of (9) hy x—a^+i, it is not much trouble to verify 
that the resulting identity can be derived from (9) by changing n into 
n+1, so that (9) is proved true by mathematical induction. Hence the 
quotient of (7) by Cq is term by term identical with (9), so that 
01+02+ . . . +o»=— Ci/co, 

0102+0103+0203+ . . . +Or.-lO»=C2/Co, 

(10) 

010203 +010204+ . . • +aB-20ii-io«= — C3/C0, 

oioa . . .an-ian={—\)*c,/Cfy. 
These results may be expressed in the following words: 

Theorem. 7/ 01 a» are the roots of eqiuUion (7), the sum of the 

roots is equal to —Ci/cq, ihe sum of the products of the roots taken two at 
a time is equal to Ci/cq, the sum of the produds of the roots taken three at a 
time is equal to — C3/C0, etc; finally, the product of aZI the roots is equal to 
(-l)V«/co. 

Since we may divide the terms of our equation (7) by Cq, the essential 
part of our theorem is contained in the following simpler statement: 

CoROLLAHY. In an equation in x of degree n, in which the coefficient 
of i" IS unity, the sum of the n roots is equal to the negative of the coefficient 
o/i""', the sum of the products of Ihe roots two at a time is equal to the coeffi- 
cient of a:"""*, etc.; finally the product of all the roots is equal to the cOTistant 
term or its negative, according as n is even or odd. 

For example, ia a cubic equation having the roots 2, 2, 5, and having unity as the 
coefficient of*', the coefficient of iiB2-2+2-6+2-5 = 24. 



IMAGINARY ROOTS OCCUR IN PAIRS 



</,.: 



.. Find a cubic equ&tion having the roots 1, 2, 3. 
V 2. Find a quartic equation having the double roots 2 and —2. 
-^ 3. Solve i'-&e'+13j'-12j+4=0, which has two double roots. 

4. Prove that one root of x'+pi'-i-qx-{-r=0 is the negative of another root if and 
OBhfiSr=pq. 
^5. Solve 4a:'-16a!'-9i+36=0, pven that one rootia the negative of another. 

,6. Solve *'-fe'+2ar-15=0, given that one root is the triple of another. 
^7. Solve a;'-6i'+12j!'- 101+3-0, which haa a triple root. 

8. Solve a;' — 14r' — 84i+216 — 0, whose roots are in geometrical progression, i.e., 
with a common ratio r [say m/r, m, mr|. 

9. Solve x'—3x^—13x-\-15=0, whoee roots are in arithmetical progression, i.e., 
with a common difference d |say nt — d, ni, m+d\. 

10. Solve i'— 2j*— 21i'+22x+40=0, whose roots are in arithmetical progrtssion. 
[Depote them by c-3b, c-b, c+b, c+3b, with the common difTerence 2* | 

*al. Find a quadratic equation whose roots are the squares of the roots of 

l'-pi+g = 0- 

T.2. Findaquadraticcquationwhoserootsare the cubes of the roots of z*—}Kt+g—0. 
Hint: «•+?>. (<.+^)>-3ot((<.+^). 

13. Ifaand|3aretherootBofi'—pi+?=0, find an equation whose roots are (i) a'/ (*: 
and^'/a; <ii) o'S and a3^ (iii) a + l,/;3 and S + l/a. 

14. Find a necessary and sufficient condition that the roots, taken in some order, 
Ot x'+px'+qx+r = shall be in geometrical progression. 

Ab. Solve 3;»-2gj+48 = 0, given that two roots differ by 2. 

21. Imaginary Roots occur in Pairs. The two roots of a real quadratic 
equation whose discriminant is negative are conjugate imaginaries {§ 12). 
This fact illustrates the following useful result. 

Theorem. // an algebraic equation with real coefficienia has the root a+in, 
where a and b are real arid b^^O, it has also the root a—bi. 

Let the equation be f{x) = and divide f{z) by 
(11) {x~aT+l^ = (x-a-H) {x-a+ln) 

until we reach a remainder tx+s whose degree in a: is less than the degree 
of the divisor. Since the coefficients of the dividend and divisor are all 
real, those of the quotient Q(x) and remainder are real. We have 

f(x}=Qix){(x-a)^+b^\+TX+s, 
identically in x. This identity is true in particular when x=a+bi, so 
that 

= r{o+fri)+« = ra+«+TW. 
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Since all of the letters, other than i, denote real numbers, we have (§2) 
ra+«=0, rb = 0. But b^O. Hence r=0, and then «=0. Hence f{x) 
is exactly divisible by the function (11), so that/(a:)=Ohaa the roota— 6i. 

The theorem may be applied to the real quotient Q(x). We obtain 
the 

Corollary. // a real aJ^ebraic eqiuUion has an imaginary root of 
midliplicity m, the conjugate imaginary of this root is a root of mvUi-pliciiy m. 

Counting a root of multiplicity m as m roots, we see that a real equation 
cannot have an odd number of imaginary roots. Hence by §19, a real 
equaiion of odd degree has al least one real root. 

Of the n linear factors of a real int^ral rational function of degree n 
(§ 19), those having imaginary coefficients may be paired as in (11). 
Hence every integral rational function with real coefficients can be expressed 
as a product of real linear and real quadratic factors. 



1. Solve i'-3i'-6a!-20=0, one root being -l+V-3. 

2. Solve i'-4r'+53;'-22-2=0, one root being 1-i. 

3. Find a cubic equation with real coefficients two of whose roota are 1 and 3+2i. 

4. It a real cubic equation **— 6a;'+ . . . —0 has the root 1+V — 5, what are the 
lemaining roots? Find the complete equation. 

5. If an equation with ralumal coefficients has a root a+vb, where a and b are 
rational, but Vb is irrational, prove that it has the root a— Vb. (Use the method of 
S21.I 

6. Solvej!'-ti;>+ii;-l=0, one root being 2+^3. 

7. Solve j'-(4+V^)a'+(5+4V3')i-6V3=0, having the root Vs. 

8. Solve the equation in Ex. 7, given that it baa the root 2+t. 

9. Find a cubic e(|Uation with rational coefficients having the roots }, {+ * 2. 

10- Given that i'-2i'-5i'-6i+2 = has the root 2-V3, find another root and 
by means of the sum and the product of the four roots deduce, without division, the 
quadratic equation satisRed by the remaining two roots. 

11. Granted that a certain cubic equation has the root 2 and no real root different 
from 2, does it have two imaginary roots? 

12. Granted that a certain quartic equation has the roots 2±3i, and no imaginary 
roots dilYerent from them, does it have two real roots? 

13. By means of the proof of Ex. 5, may we conclude as at the end of J 21 that 
every inteera! rational function with rational coefficients can be expressed as a product 
of linear and quadratic factors with rational coefficients? 
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22. Upper Limit to the Real Roots. Any number which exceeds 
all real roots of a real equation is called an upper limit to the real roots. 
We shall prove two theorems which enable us to find readily upper limits 
to the real roots. For some equations Theorem I gives a better (smaller) 
upper limit than Theorem II; for other equations, the reverse is true. 
Evidently any positive number is an upper limit to the real roots of an 
equation having no negative coefficients. 

Theorem I. If, in a real equation 

/(a:)=ao^+aix"-'+ . . . -!-a„ = (ao>0), 

the first negative coefficient is preceded by k coeffiderUs which are positive or 
zero, and if G denotes the grecUest of the numerical values of the negative 
coeffidenia, then each real root is less than l + yO/aij. 

For example, in ifi+ix*—7x'—40x+l=0, G-40 and fc-3 since we must supply 
the coefficient zero to the misaing power x'. Thus the theorem asserts that each root 
ia less than 1+V 40 and therefore less than 4.43, Hence 4.42 is an upper limit to the 
roots. 

Proof. For positive values of x,f{x) wOl be reduced in value or remain 
unchanged if we omit the terms aix""', . . , , aj_ix""*+' (which are 
positive or zero), and if we change each later coefficient at, ... , a» to 
— G. Hence 

/(a:)>aoi"-G(j-*+a--*-'+ . . . +x+l). 

But, by Ex. 7 of § 14, 

^"-t+i_i 
a:»-*+...+a:+l = 



if x^ 1. Furthermore, 
Hence, if a:>l, 



/W>* 



>_ i--"'|°.i'-'(i-i)-cn-g 

'~ x-l 

"[(wf-\x-i)-a\ 



-1 

*M°«(i-i)'-g| 



-1 

Thus, for X>1, /(a;)>0 and x is not a root if (io(x— 1)*— Gi 
is true if i^l + ^G/oo- 
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23., Another Upper Limit to the Roots. 

Theorem II. //, in a retd algebraic equaiion in which the coefficient 
cf the highest power of the unknown is positive, the numerictd vulue of each 
negative coefficient he divided by the sum of all the positive coefficients which 
precede il, the greatest quotient so obtained increased by unity is an upper 
limit to the roots. 

For the example in S 22, the quotients are 7/(1+4} and 40/5, so that Theorem II 
asserts that 1 +8 or 9 is an upper limit to the roots. Theorem 1 gave the better upper 
limit 4.42. But (or r'+Sx*— Oz+e'-O, Theorem I gives the upper limit 4, while 
Theorem II gives the better upper Umit 2. 

We first give the proof for the case of the equation 

in which each p, is positive. In view of the identities 

x*=(x-l) ij'+x^+x+l)+l, I'sU-lXi+lj+l, 
/ (z) is equal to the sum of the terms 



■l)x'+p,lx- 


l)x'+pt(.x~l)x+pt(x-l)+p,. 


■pa' 


+p,(x-l)x+p,(x-l)+p,. 




~P>x +P,. 



If x>l, negative t«nns occur only in the first and third columna, while the sum of the 
terms in each of these two columns will be ^ if 

p,(x-l)-p,^0, {j>,+p,)(t-l)-p,>0. 

Hence /(x)>0 and X is not a root if 

P* Pt+Pt 

This proves the theorem for the present equation. 

Next, let /(i) be modified by changing its constant term to —pt. We modify the 
above proof by employing the sum (pi4-J>!)x — Po of all the terms in the corresponding 
last two columns. This sum will be >0 if 2>Po/(pi+Pj), which is true it 

Pt+Pi 
To extend this method of proof to the general case 
f{x)=a^+ ... +00 (o>.>0), 
we have only to employ suitable general notations. Let the negative 
coefficients be at,, ... , a*,, where ki>k2> . . . >k,. For each posi- 
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tive integer m which is ^ n and distinct from ki, . . . , h, we replace x" 
by the equal value 

d(z— '+x"-*+ . . . +i+l)+I 

where dmx—1. Let F{x) denote the polynomial in x, with coefficients 
involving d, which is obtained from f(x) by these replacements. Let 
x>l, so that d is positive. Thus the terms Ot^a^i are the only negative 
quantities occurring in F{x). If fci>0, the terms of F(i) which involve 
explicitly the power x*i are ot^i and the a„(ir*< for the various positive 
coefficients a^ which precede ot,. The sum of these terms will be ^0 
if a^+d2a«2.0, i.e., if 

There is an additional case if A:,=0, i.e., if do is negative. Then the 
terms of F(x) not involving x explicitly are oq and the a„ (d+1) for the 
various positive coefficients Sm. Their sum, oo+xSom, will be >0 if 



EXERCISES 
Apply the methods of both { 22 and { 23 to find an upper limit to the roots of 

1. 4i'-8i'+22r'+S8i'-73j!4-6 = 0. 

2. x'-5i'+7x^-Sx + l=0. 

3. z'+3i'-4r'+5i'-&e'-72»-8-0. 

4. *'+2i'+4i'-&r'-32=0, 

5. A lower limit to the negative roots ot/(i)"=0 may be found by applying our 
tbeorems tof{—x) =0, i.e., to the equation derived from/(z)"0 by replacing z by ~x. 
Find a lower limit to the negative roots in Exs. 2, 3, 4. 

6. Prove that every real root of a real equation f(x) =0 is less than l+g/oa if ai>0, 
irtkcn g denotes the greatest of the numerical values of oi, . . . , Oa. Hint: if z>0, 

a^+a^~^+ . . .ha^-g[:^-^+ . . . +X+1). 

Proceed as in { 22 with Jb = l. 

7. Prove that l+g-^|ag| is an upper liniit for th^ moduli of all complex roots of any 
equation /(x)~0 with complex coei&cients, where g is the greatest of *rhe values |ai|, 
. . . , joiil, and |al denotes the modulus of a. Hint: use Ex. S of 9 8. 
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24. Integral Roots. For an equation all of whose coeffia^Us are integers, 

any integral root is an exact divisor of the constant term. 
For, if X is an integer such that, 

(12) ao3^+ . . . +o,-i(r+a,=0, 

where the a's are all integers, then, by transposing terms, we obtain 

a;{— dox""'— . . . —an-i) = a„. 

Thus ar is an exact divisor of a. since the quotient is the integer given l^ 
the quantity in parenthesis. 

ExAUPLB 1. Find all the integral roots of 

i>+i'-ar+9=0. 

SoluUon. The exact divisors of the constant term 9 are ±1, ±3, ±&. By trial, 
no one of ±1, 3 is a root. Next, we find that —3 is a root by synthetic diviaioD ($ 15): 

1 1-3 9 |:::3 



Hence the quotient is *'— 2a;+3, which is zero for s = l±V— 2. Thus —3 is the 
only integral root. 

When the constant term has numerous exact divisors, some device 
may simplify the application of the theorem. 
EXjUIplb 2.' Find all the integral roots of 

3/' + l2!/'-32!/-256 = 0. 

Solution. Since all the terms except y' are divisible by 2, an integral root y must 
be divisible by 2. Since all the terms except y' are now divisible by 2*, we have y'=it, 
where z is an integer. Removing the factor 2* from the equation in z, we obtain 

«'+3*>-2«-4=0, 

An integral root must divide the constant term 4. Hence, if there are any integral 
roots, they occur among the numbers :tl, ±2, ±4. By trial, —1 is found to be a 
toot: 

1 3 -2 -4 |-1 



*71uB problem is needed for the solution ($48) of a certain quartic equation. 
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Hence the quotient ia «'+2i— 4, which ia lero for «— — l±V5^ Hiua y— 4«" 
H the only int^ral root of the proposed equation. 



Find all the integral roots of 

■ 1. x'+&i;»+I3i+6-0. 2. i'-8i»-2r+24-0. 

■ 3. x>-lfe'+27i-18-0. -4. »r*+4i'+8l+32-0. 
5. 'I1ieequationinEx,4of t23. 

26. Newton's Method for Integral Roots. In § 24 we proved that 
&n integral root x of equation (12) having integral coefficients must be 
an exact divisor of a,. Similarly, if we transpose all but the last two 
terms of (12), we see that a„_ii+a, must be divisible by 3?, and hence 
Oa-i+ai/x divisible by x. By transposii^ all but the last three terms 
of (12), we see that their sum must be divisible by 3?, and hence 0,-2+ 
(ai,_i+o„/i)/i divisible by x. We thus obtain a series of conditions 
of divisibility which an integral root must satisfy. The final sum 
00+01/1+ . - . must not merely be divisible by x, but be actu^y sero, 
mnce it is the quotient of the function (12) by af . 

In practice, we must test in turn the various divisors x of <(«. If a 
chosen x is not a root, that fact will be disclosed by one of the conditions 
mentioned. Newton's method is quicker than synthetic division since 
it usually detects early and throws out wrong guesses as to a root, whereas 
in ^^thetic division the decision comes only ^t the final step. 

For example, the divisor —3 of the constant term of 

(13) /(x)»x*-ft('+24;t'-23i+15=0 

ia not a root since — 23+15/(— 3) ■■ —28 is not divisible by —3. To show that none 
of the tests fails for 3, so that 3 is a root, we may arrange the work systematically as 
foUom: 

1-9 24-23 16| 3 

(14) -16-6 5 [ (divisor) 

-3 18 -18 
First we divide the final coefficient 15 by 3, place the quotient 5 directly under the coef- 
ficient —23, and add. Next, we divide this sum —18 by 3, place the quotient —6 
directly under the coefficient 24, and add. After two more such steps we obtain the 
■urn sero, so that 3 is a root. 

It is instructive to obtain the preceding process by suitably modifying syntbetie 
division. First, we replace x by 1/y in (13), multiply each term by y*, and obtain 
15j/<-23i/'+24j/'-9y+l -0. 
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Wn may tout this for tho root ji~i, which corresponds to the root x— 3 of (13), t^ 
ordinary ayiithotic division: 

15-23 24-9 1 I 1 

5 -6 6-1 (multiplier) 

is -18 18 -3 6 

Tho ninfDi'ipiitA in tho last two hnes (after omitting 15) are the same as thoee of the last 
two liruM ill (14) rvtuH in rovemc order. This should be the case since we have here 
milltii>lt(Hl tho wutto iiuitib«<rs by ^ tliat we diviiied by 3 in (14). The numbers in 
Ihti prmrnt Utinl hni> are the coeffirit-nts of the quotient ({ 15). Since we equate the 
qiiutiiint to icro fur thi» applications, wp niay replace these roefficients by the numbers 
in thi< MMHind lint> whinh are tho products of the former numbers by ^. The numbers 
in tlip KMHini) lihf of lU) are the negatives of the coefficients of the quotient of /(x) 
by J -3. 

KxAHriJt. l''ind all tho intofnvl roots of equation (13). 

SuluKim. l'\ir a niinttivp value of x, each term is poaitin. Hence all tbe real 
nmU an> iMwitivv. Ity i'J:i. 10 is an upi>cr limit to the roots. By {24, any integral 
niot w an cvacl divisor of tho mnstanl term 13. H«ipe the integral roots, if any, occur 

auiimit Ihou U>rt I. 3, S. Simv/tll-S, 1 is not a root. By (14), Snaroot. Pro- 

n<i>diiiK similarly' with tho qutitirnt by t—3. whue« roefficiokta are the negatives of the 
iiumU'n in Iho im-ond lino of (14), wt- find that 5 is a root. 



1 Solvt- Kw I 4 of S H by Xcwtims i«eth.id 

■J IVovf that, in o\toudiH|t thi- prvn>«5 (U> to the gnmsl equation (12), we may 
•Hiipk-y lht> tuwl M|U»tkut» in {U with r-i>Mid wnie 



llrtv tho \|itv<lu-ni, ,^^ «. <,>(>•, by .- b )ilati\t dirwcly uoiier a.-!, and added to it to 

MdvUlKMiM- .*, ,. rt«- 

W. Atti>th»r M»ttit>4 foe lttt«cnU Roots. An int«i^:nl di^-isw d of the 
^\»ibilant lortH is ik'( » nvt it" .s t* is uv't a d!vi;s.^c oi fim), where m is 
»ivj' vluvft'n mii'tivr K>r. it" .: is * rwt ^*t ;\r"' ^0, thea 



I ^\>t> in'iuic*! h^xt:!^ tute^rrsl ^.wt&'iifats i.S 15). Hence 



fi 27| RATIONAL BOOTS 27 

Intheezampteof (2S,take(I-15,fn*I. Siaoe/(l)''8isiiotdiviBibleby 15-1->14, 
li is not an integral root. 

Coneider the more difficult example 

/(i)-i'-20i'+16te-«0=0, 

whose constant t«rm has many divisoTS. There is evidently no negatLve root, while 
21 is an upper limit to the roots. The positive divisors less than 21 of 400^2*5' are 
<i-l,2, 4,8,16,5,10,20. First, takem-lftndnotethat/(l) = -255= -3-5a7. The 
eorresponding values of (J-1 are 0, 1,3,7, 15,4,9, 19; of these, 7, 4, 9, 19 are not divisors 
ri/(l), so that (1-8, 5, 10 and 20 are not rootfi. Next, take ni-2 and note that /(2)- 
—144 is not divisible by 16—2—14. Hence 16 is not a root. Incidentally, d=l and 
d^2 were excluded since /{d)^0. There remains only d^A, which is a root. 

In case there are numerous divisors within the limits to the roots, it 
is usually a waste of time to list all these divisors. For, if a divisor is 
found to be a root, it is preferable to employ henceforth the quotient, 
as was done in the example in § 25. 



Find all the integral roots of 

1. i*-2e*-21*'+22x+40=0. 

2. !/'-V-24!/+216-0. 

3. i"-23i'+187i'-663i+936=0. 

4. i»+47i;<+42ar'+14Cte'+1213i-42O-0. 

5. «»-34x»+29i'+212x -300-0. 

27. Rational Roots. // an equation vnth integral coeffidenta 
(15) coa:''+cia:"-'+ . . . +c,-ix+c=0 

has Ois rati(mal root a/b, where a and b are integers unthmit a common divisor 
> 1, ihm a is an exact divisor o/ c,, avd h is an exad divisor of Cq. 

Insert the value a/b of x and multiply all terms of the equation by 
6". We obtain 

Coa"+Ci(i"-'fe+ . . . +c-iafc"-'+c,&"=0. 

Since a divides all the terms preceding the last tenn, it divides that term. 
But a has no divisor in conmion with 6"; hence a divides c Similarly, 
b divides all the terms after the first term and hem e divides Cq. 
Example. Find all the ratiooal roots of 

2i'-7x'+10i-6=0. 
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SohiHon. By the theorem, the dmominator of any rational root xian diriBor of 2. 
Hence y>>2z is an int^er. Multiplying toe t«niiB of our equation by 4, we obtain 

y'-7y'+20y- 24=0. 

There is evidently no negative root. By either oi the teats in H 22, 23, an upper limit 
to the positive roots of our equation in i is 1+7/2, so that y<9. Hence the only 
poBBible values of an integral root y are 1, 2, 3, 4, 6, 8. Since 1 and 2 are not roots, ym 
toy 3: 

1-7 20-24 1^ 



-3 12 



Hence 3 is a root and the remaining nxite satisfy the equation y'~-iy+S=0 and are 
2±2i. Thus the only rational root of the proposed equation is x>*3/2. 

If cq = 1 , then 6 = ± 1 and a/b is an integer. Hence we have the 

Corollary. Any Tational root of an equation xirith integral coefficderUa, 
that of the highest power of the unknown being imtly, w an integer. 

Given any equation with integraJ eoefficienta 

aoI/"+aiV""'-i- ■ • +t>ii=0. 
we multiply each term by ao"~', write aaV=^, and obtain an equation 
(15) with integral coefficients, in which the coefficient Cq of x" is now unity. 
By the Corollary, each rational root x is an integer. Hence we need only 
find all the integral roots x and divide them by oo to obtain all the rational 
roots y of the proposed equation. 

Frequently it is sufficient (and of course simpltr) to set itvx,where 
it is a suitably chosen integer less than o^. 



Find all of the rational roots of 

1. tf'-*^'+-4^I/'-40!/+9=0. 

2. Sy'-ny'+6y-l=0. 

3. 108!/'-270!f'-42!,+l=0, [Use A =6,1 

4. 32!/'-6!/-l=0, lUse the least fc.] 

5. 96y'-16!,'-^ + l-0. 6. 2iy'-2y^-5y + l~0. 
7. y'-iy'-2y+1^0. 8. y" - Ji*'+3!, -2 -0. 
9. Solve Exs. 2-^ by replacing y by 1/x. 

Find the equations whose roots are the products of 6 by the roots at 
10. !»'-2i/-i-0. 11. ^-iy>-iv+i=0. 



CHAPTER III 
Constructions with Ruler and Compasses 

28. Impossible Constructions. We shall prove that it is not possible, 
by the methods of Euclidean geometry, to trisect all angles, or to con- 
struct a regular polygon of 7 or 9 sides. The proof, which is beyond the 
scope of elementary geometry, is based on principles of the theory of 
equations. Moreover, the discussion will show that a regular polygon 
of 17 sides can be constructed with ruler and compasses, a fact not suspected 
during the twenty centuries from Euclid to Gauss. 

29. Graphical Solution of a Quadratic Equation. If a and b are con- 
structible, and 

(1) x'-ax+b=0 

has real coefficients and real roots, the roots 
can be constructed with ruler and compasses 
as follows. Draw a circle having as a diam- 
eter the line BQ joining the points B = 
(0, 1) and Q=(a, b) in Fig. 6. Then the 
abaciama ON and OM of the points of inler- 
aedion of ihia eirde mth the x-axis are the 
Tools 0/(1). " 

For, the center of the circle is (a/2, (6+l)/2); the square of BQ is 
a'+ib—iy^; hence the equation of the circle is 

/r "Wf,. 6+lV_ aH(&-l)^ 




This is found to reduce to (1) when y=0, which proves the theorem. 

When the circle is tangent to the j:-axis, so that M and N coincide, 
the two roots are equal. When the circle does not cut the x-aids, or 
when Q coincides with B, the roots are imaginary. 

Another construction follows from § 30. 
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Solve graphically: 

I. i»-5i-H=0. 2, i"+&i;+4=0. 3. x'+fo-i-O. 

i. x^-5x-i=0. 5. x'~ix+i=0. 6. x^-Sx+i-O, 

30. Analytic Criterion for CtMistructibUity. The firet step in our 
consideration of a problem proposed for construction consists in formu- 
lating the problem analytically. In some instances elementary algebra 
sufhces for this fomiulatioii. For example, in the ancient problem of 
the duplication of a cube, we take as a unit of length a side of the given 
cube, and seek the length z of a side of another cube whose volume is 
double that of the given cube; hence 
(2) 3^ = 2. 

But usually it is convenient to employ analytic geometry as in § 29; 
a point is determined by its coordinates x and y with reference to fixed 
rectangular axes; a straight line is determined by an equation of the 
first degree, a circle by one of the second degree, in the coordinates of the 
general point on it. Hence we are concerned with certain numbers, 
some being the coordinates of points, others being the coefHcienta of equa- 
tions, and still others expressing lengths, areas or volumes. These num- 
bers may be said to define analytically the various geometric elements 
involved. 

Criterion. A proposed construclton is posmbk by nder and com- 
passes if and only if the numbers which define analytically the desired geo- 
metric elements can be derived from those defining the given dements by a 
finite number of rational operations and extractions of real square roots. 

In ! 29 we were given the numbers a and b, and conetnicted lines of lengths 

Proof. First, we grant the condition stated in the criterion and prove 
that the construction is possible with ruler and compasses. For, a rational 
function of given quantities is obtained from them by additions, sub- 
tractions, multiphcations, and divisions. The construction of the sum 
or difference of ' vo segments is obvious. The construction, by means 
of parallel lines, of a segment whose length p is equal to the product a-b 
of the lengths of two given segments is shown in Fig. 7; that for the quo- 
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tient q=ajh in Fig. 8, Finally, a segment of length s^Vn may be con- 
structed, as in Fig. 9, by drawing a semicircle on a diameter composed 
of two segments of lengths 1 and n, and then drawing a perpendicular 
to the diameter at the point which separates the two segments. Or we 
may construct a root of i^— n=0 by § 29. 




Second, suppose that the proposed construction is possible with ruler 
and compasses. The straight lines and circles drawn in making the con- 
struction are located by means of points either initially given or obtained 
as the intersections of two straight lines, a straight line and a circle, or 
two circles. Since the axes of coordinates are at our choice, we may 
assume that the j/-axis is not parallel to any of the straight lines employed 
in the construction. Then the equation of any one of our lines is 

(3) y=mf^h. 

Let y = m'a;+h' be the equation of another of our lines which inter- 
sects (3). The coordinates of their point of intersection are 



y=- 



which are rational functions of the coefficients of the equations of the 
two Unes, 

Suppose that a line (3) intersects the circle 

with the center (c, d) and radius r. To find the coordinates of the pointa 
of intersection, we eliminate ]/ between the equations and obtaiD a quad- 
ratic equation for x. Thus x (and hence also mx-f-l) or y) involved no 
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irrationality other than a real square root, beades real irrationalities 
present in m, b, c, d, r. 

Finally, the intersections of two circles are given by the intersections 
of one of them with their common chord, so that this case reduces to the 
preceding. 

For example, a side of s regular pentagon inscribed in a circle of radius unity is 
(Ex. 2 of J 37) _^_^_ 

(4) i=J'VlO-2V5^, 

which is a number of the type mentioned in the criterion. Hence a regular pentagon 
can be constructed by ruler and compasses (see the example above quoted). 

31. Cubic EquatiMU with a Constructible Root We saw that the 
problem of the duplication of a cube led to a cubic equation (2). We 
shall later show that each of the problems, to trisect an angle, and to con- 
struct regular polygons of 7 and 9 sides with ruler and compasses, leads 
to a cubic equation. We shall be in a position to treat all of these problems 
as soon as we have proved the following general result. 

Theorem. It is not possibk to amstrud with rider and compasaea a 
liTie whose length is a root or the negative of a root of a cubic equation with 
rational coefficients having tw rational root. 

Suppose that xi is a root of 

(5) 3^+ca^+0x+i = O {a, ^, 7 rational) 

such that a line of length xi or — n can be constructed with ruler and com- 
passes; we shall prove that one of the roots of (5) is rational. We have 
only to discuss the case in which xi is irrational. 

By the criterion in § 30, since the given numbers in this problem are 
a, (3, y, all rational, xi can be obtained by a finite number of rational 
operations and extractions of real square roots, performed upon rationtd 
numbers or numbers derived from them by such operations. Thus n 
involves one or more real square roots, but no further irrationahties. 

As in the case of (4), there may be superimposed radicals. Such a 
two-story radical which is not expressible as a rational function, with 
rational coefficients, of a finite number of square roots of positive rational 
numbers is said to be a radical of order 2. In general, an n-story radical 
is said to be of order n if it is not expressible as a rational function, with 
rational coefficients, of radicals each with fewer than n superimposed 
radicals, the innermost ones affecting positive rational numbers. 
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We agree to simplify xj by making all possible replacements of certain 
types that are sufficiently illustrated by the following numerical examples. 

If X\ involves VS, V^5, and vTs, we agree to replace vTs by VS- VW. 
If Xi = 8 — 7(, where a is given by (4) and 



so that st = y/5, we agree to write xi in the form a— 7V^/«, which involves 
a single radical of order 2 and no new radical of lower order. Finally, 
we agree to replace V4— 2%^ by its simpler form Vs— 1. 

After all possible simplifications of these types have been made, the 
resulting expressions have the following properties (to be cited as our 
a^eements): no one of the radicals of highest order n in Xi is equal to 
a rational function, with rational coefficients, of the remaining radicals 
of order n and the radicals of lower orders, while no one of the radicals 
of order n— 1 is equal to a rational function of the remaining radicals of 
order n— 1 and the radicals of lower orders, etc. 

Let Vfc be a radical of highest order n in xi. Then 



where a, b, c, d do not involve vfc, but may involve other radicals. If 
d=0, then Cj^jQ and we write e for a/c, f for b/c, and get 

(6) Il=e+/^/fc, (/J^O) 

where neither e nor /involves Vk. If d?*0, we derive (6) by multiplying 
the numerator and denominator of the fraction for Xi by c—dVk, which 
is not zero since vfc = c/d would contradict our above agreements. 

By hypothesis, (6) is a root of equation (5). After expanding the 
powers and replacing the square of V^ by ft, we see that 

(7) {e+fVlc)^+ci(e+fVk)^+e{e+SVk)+y=A+BVk, 

where A and B are certain polynomials in e, f, k and the rational numbers 
a, j5, y. Thus A+BVk=0. If B^O, Vk= -A/B is a rational function, 
with rational coefficients, of the radicals, other than vft, in Xi, contrary 
to our agreements. Hence S = and therefore A = 0. 

When e— /Vft is substituted for x in the cubic function (5), the result 
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is the left member of (7) with Vt replaced by — Vfc, and hence the result 
isA-BVk. ButA = S=0. This shows that 

(8) X2 = e-fVk 

is a Dew root of our cubic equation. Since the sum of the three roots 
is equal to —a by § 20, the third root is 

(9) X3= ~a—Xi~X2= ~a—2e. 

Now a is rational. If also e is rational, xs is a rational root and we have 
reached our goal. We next make the assumption that e is irrational 
and show that it leads to a contradiction. Since e is a component part 
of the constructible root (6), its only irrationaUties are square roots. 
Let Vs be one of the radicals of h^hest order in e. By the argument 
which led to (6), we may write e=e'+fVs, whence, by (9), 
(9') X3-fl+AVi, (A?^0) 

where neither g nor h involves Va, Then by the argument which led 
to (8), ff— AVflisaroot, different from xa, of our cubic equation, and hence 
is equal to Xi or X2 since there are only three roots (§ 16). Thus 
(,_ftV's=e±/V^. 

By definition, Vs is one of the radicab occurring in e. Also, by (9'). 
every radical occurring in g or /i occurs in Xg and hence in e = i(— a— J3), 
by (9), a being rational. Hence vA is expressible rationaUy in terms 
of the remaining radicals occurring in e and /, and hence in Xi, whose value 
is given by (6). But this contradicts one of our agreements, 

32. Trisection of an Angle. For a given angle A, we can construct 
with ruler and compasses a line of length cos A or —cos A, namely the 
adjacent leg of a right triangle, with hypotenuse unity, formed by dropping 
a perpendicular from a point in one side of A to the other, produced if 
necessary. If it were possible to trisect angle A, i.e., construct the angle 
A/3 with ruler and compasses, we could as before construct a line whose 
length is ±cos (A/3). Hence if we show that this last cannot be done 
when the only given geometric elements are the angle A and a line of 
unit length, we shall have proved that the angle A cannot be trisected. 
We shall give the proof for A = 120°. 

We employ the trigonometric identity 

cosA=4cos^-5 — 3 cos -5-. 
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Multiply each term by 2 and write x for 2 cos (A/3). Thus 

(10) 3^-3x=2coaA. 
For A -120°, C08A = -iand (10) becomea 

(11) a:»-3a;+l=0. 

Any rational root is an integer (§ 27) which ia an exact divisor of the 
constant term (§24). By trial, neither +1 nor —1 is a root. Hence 

(11) has no rational root. Hence (§ H) it ia not possible to trisect aU 
angles loith ruler and compasses. 

Certain angles, like 90°, 180°, can be trisected. When A^ISO", the equation 
(10) becomes s*— 3z= —2 and has the rBtional root i-l. It ia the rationality of a 
root which accounts tor the poeaibihty of trisecting this special angle 180°. 

33. Regular Polygon of 9 Sides, Duplication of a Cube. Since angle 
120° cannot be trisected with ruler and compasses (§ 32), angle 40" can- 
not be so constructed in terms of angle 120° and the line of unit length 
as the given geometric elements. Since the former of these elements 
and its cosine are constructible when the latter is given, we may take 
the line of unit length as the only given element. In a regular polygon 
of 9 sides, the angle subtended at the center by one side is ^-SeC—W". 
Hence a regular polygon of 9 sides cannot be constructed leilh ruler and com- 
passes. Here, as in similar subsequent statements where the given 
elements are not specified, the only such element is the line of unit length. 

A rational root of 2^ = 2 is an integer (§27) which is an exact divisor 
of 2. The cubes of ±1 and ±2 are distinct from 2. Hence there is no 
rational root. Hence (gg 30, 31) it is not possible to duplicate a cube with 
ruler and compasses. 

34. Regular Polygon of 7 Sides. If we could construct with ruler 
and compasses an angle B containing 360/7 degrees, we could so con- 
Btruct a Lne of length x = 2cos B. Since 7B = 360°, cos3B = cos4B. 
But 

2 cos 3S=2(4 co^B-S cos B) =a^-3x, 

2 cos 4B=2(2 cos^ 2S- 1) =4(2 cos3B-l)2-2- (a!='-2)2-2. 
Hence 

0=x*-4s^+2~i3?~Zx) = {x-2)(3^+x'-2x-i). 
But x=2 would give cos £ = 1 , whereas B is acute. Hence 

(12) jf^+jP-ix-l^O. 
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Since this has no rational root, it is impossible to construct a regviar 

polygon of 7 sides witk ruler and aympasses. 

36. Regular Polygon of 7 Sides and Roots of Unity. If 

_ 2ir , . . 2t 

« = COS ---+* sin -=-, 

we saw in § 10 that R, K*, B^ li*, B*, fl«, S^ = 1 give all the roota of v^=-l 
and are complex numbers represented by the vertices of a regular polygon 
of 7 sides inscribed in a circle of radius unity and center at the origin of 
coordinates. By % 6, 

^ = COSy-.«my, fi + ^ = 2c0Sy. 

We saw in § 34 that 2 cos (2t/7) is one of the roots of the cubic 
equation (12). This equation can be derived in a new manner by utilizing 
the preceding remarks on 7th roots of unity. Our purpose is not primarily 
to derive (12) again, but to illustrate some principles necessary in the 
general theory of the construction of regular polygons. 

Removing from y'—l the factor y— 1, we get 

(13) vHy^+y*+i^+!^+y+l =0, 

whose roots are R, R'', . , . , fi*. Since we know that B+l/B is one of 
the roots of the cubic equation (12), it is a natural step to make the sub- 
stitution 

(14) s+i-i 

in (13). After dividing its terms by y^, we have 

(130 (i^+^) + (^+i?) + (v+i)+l-»- 

By squaring and cubing the members of (14), we see that 

(15) yH4=a;2-2, ^f'+^=3?-Zx. 

Substituting these values in (13'), we obtain 

(12) x3+a^-2x-l=0. 

That is, the substitution (14) converts equation (13) into (12). 
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If in (14) we assign to y the six values R, . . . , R^, we obtain only 
three distinct values of x: 

(16) 3=1= ' 

In order to illustrate a general method of the theory of regular poly- 
gons, we start with the preceding sums of the six roots in pairs and find 
the cubic equation having these sums as its roots. For this purpose we 
need to calculate 

X1+X2+X3, iiia+asiXa+iais, 11X2X3. 

First, by (16), 

Xl+X2+X3 = R+R^+ ... +fl«=-l, 

since R, . . . , R^ are the roots of (13). Similarly, 

XiX2+XlX3+X2X3 = 2(R+R^+ . . . +fl8) = _2, 
XlX2X3 = 2+ie+fl2+ . . . +fi«=l. 

Consequently (§ 20), the cubic having xi, X2, 13 as roots is (12). 

36. Reciprocal Equations. Any algebraic equation such that the 
reciprocal of each root is itself a root ol the same multiplicity is called a 
reciprocal, equation. 

The equation ^' — 1 —0 is a reciprocal equation, eince if r is any root, 1/r is evidently 
also a root. Since (13) has the same roots as this equation, with the exception of unity 
which is ita own reciprocal, (13) is also a reciprocal equation. 

If r is any root ^0 of any equation 

Mm^+ . . . +c=0, 

\/r is a root of/(l/|/)»0 and hence of 

!/y(J)=l+.--+C!r=0. 

If the former is a reciprocal equation, it has also the root 1/r, so that every 
root of the former is a root of the latter equation. Hence, by § 18, the 
left member of the latter is indentical with <^{y). Equating the constant 
terms, we have c^=l, c = ±l. Hence 

(") sv(i)-±/(v)- 
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Thus if pjtf""' is a term of /(j/), alao ipij;* is a term. Hence 

(180 /((/)=»"±l+Pi(v"-'±v)+P2Cff--*±lfl+ .... 

If n is odd, n=2t+l, the final term is ;^j/''''*±vO> utd V±l is a factor 
of /(t/). In view of (17), the quotient 

has the property that 



-«Q-e«. 



Comparing this with (17), which implied (ISOi we see that Q(y)=0 is 
a reciprocal equation of the type 

(18) y^+l+cdy^-'+y)+C2{y^-'+f)+ . . . +c,.t(y'*'+j^-')+<^=0. 

K n is even, n=2t, and if the upper sign holds in (17), then (18') is 
of the form (18). Next, let the lower s^n hold in (17). Since a term 
p^ would imply a term —pij/, we have p,=0. The final term in (180 
is therefore pi-idf**'— v*"'). Hence f(y) has the factor |^— 1. The 
quotient </(i/)^/(v)/(i/*— 1) has the property that 



»■""«© ■«<">■ 



Comparing this with (17) as before, we see that q{y) =0 is of the fcnni 
(18) where now 2t=n — 2. Hence, at least after removing one or both 
of the factors i/±l, any reciprocal equation may be given the form (18). 

The method by which (13) was reduced to a cubic equation may be 
used to reduce any equation (18) to an equation in x of half the d^p^e. 
First, we divide the terms of (18) by y* and obtain 

(»'+i,)+«.(»-+i^)+..+.-,(»+J)+«.-o. 

Next, we perform the substitution (14) by either of the following methods: 
We may make use of the relation 

to compute the values of j/*+l/l/* in terms of x, starting with the special 
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cases (14) aad (15). For example, 

= x(x3-3z)-{x2-2)=i*-4z=+2 
Or we may employ the explicit formula (19) of § 107 for the sum tf^+l/tf* 
of theA^h powers of the roots ^ and l/j/of j/*— xj/+l = 0. 

37. Regular Polygon of 9 Sides and Roots of Unity. If 

it = cos -Q-rt sin -^, 

the powers R, IP, R*, I^, S^, R^, are the primitive ninth roots of unity 
(§ 11). They are therefore the roots of 



(19) 



^=j^+^+l=0. 



Dividing the terms of this reciprocal equation by j^ and applying the seo- 
ond relation (15), we obtain our former cubic equation (11). 



1. Show by (16) that the roots of (12) are 2 cos 2ir/7, 2 cos 4ir/7, 2 coa &r/7. 

2. The imagiDary fifth roots of unity satisfy t/'+ a 
y'+V'+y+l^O, wliich by the substitution (14) be- 
oomeax'+z— 1=0. It has the root 

In a circle of radius unity and center O draw two per- 
pendicular diameters AOA', BOB'. With the middle 
point M of OA' as center and radius MB draw a < ircle 
cutting OA at C (Fig. 10). Show that DC and BC 
are the sides *u and st of the inscribed regular decagon 
and pentE^pa respectively. Hints: Fig. 10 

MB=iV5, 0C=J(V'5-l), BC=Vl+OC»=iVlO-2V^ 

2r 

«„=2 sin 18''=2 cos — -0C, 




iT=2fl-co3j)=jaO-2-/5), 
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3. U il is & root of (19) verify u Kt die aid of 1 35 that A+fi*, fi*+A', ud A*+iI* 
aie the roots of (11). 

4. Hetue ahow that the roots of (II) aie 2 coe Zv/Q, 2 coe 4r/9, 2 eoa Sr/Q. 
6. Reduce y" — 1 to an equatkm of decree 5 in z. 

6. Solve ^-7y*+v'~y'+7y-l~0 by radicab. [One root ia 1.] 

7. After finding so eaaSy in Chapt» I the bigonometric fonoB of the oonq>lex roota 
vi unity, yihj do we now go to bo mud) additional trouble to find than algebiaicalfyT 

8. Prove that every real root of xi+ax^+b—O can be ccmstnieted with luler and 
compasses, given lines of lengths a and fr. 

9. Show that the real roots of 2^—px—q=0 are the ahedsBas of the intersectionB 
ot the parabola y=z* and the circle thnni^ the c»igin with the ceaUx (if, i+ip). 

nx>ve that it is impossible, with nder and compasses: 

10. To oonstiuct a straight line r^reeenting the distance from the dicular base 
of a bemiqtheie to the paraDel plane which biaects the hemisphere. 

11. To construct lines representing the lengths of the edges of an "■ndin^ rectangular 
parallelopiped having a diagonal of length 5, surface ares 24, and volume 1, 2, 3, or G. 

12. To trisect an angle whose cosine is 1, ), i, I or p/g, where p and q iq> 1) an 
integers without a common factor, and g is not divisible by a cube. 

^ove algebraically that it is possible, with rula and compasses: 

13. To trisect an angle whose cosine is (4a'— 3a6')/6', whoe the integv a ia numv< 
ically less than the integn 6; for example, cos-* 11/16 if a—— 1, 6=4. 

14. To construct the legs of a right trian^e, givet> its area and hypotenuse. 

15. To construct the third side of a triangle, given two sides and ita area, 

16. To locate the point P on the side BC'-l of a given square ABCD such that 
toe straight line AP cuts DC produced at a point Q for which the length of PQ is a givot 
numbo- g. Show that y—BP is a root of a reciprocal quartic equation, and solve it 
iriien 0»1O. 

38. The Periods (tf Roots of Uni^. Before takmg up the regular 
polygon of 17 sides, we first explain another method of finding the pairs 
(rf imaginary seventh roots of unity R and fi", B* and fl* fl" and fi*, 
employed in (16). To this end we seek a positive inte^^ g such that 
the six roots can be arranged in the order 

(20) R, Rf, R*', R^, R**, Bf^, 

where each term is the gth power of its predecessor. Trying j/=2, we find 
that the fourth term would then be R^=R. Hence ^^2. Trying g~Z, 
we obtain 

(21) R, IP, iP, R^, B*. R^, 
where each term is the cube of its predecessor. 
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To define three periode, each of two tenofi, 

(16') R+RP, R^+R'-, iP+fl*, 

we select the first term R of (21) and the third term A*^ after it and add 
them, then the second term A^ and the third term R* after it, and finally 
B^ and the third term R^ after it. 

We may also define two periods, each of three terms, 

by taking alternate terms in (21). 

Since ti+Zf-l, *,*i-3+«+ . . , +B'-2, zi and zi are the rooto of «*+«+2=0. 
ThaiR, R; B'iiretherootsotto'-*iUJ>+*i«i-l=0. 

39. Regular Polygon of 17 Sides. Let ie be a root t^I of x"=l. 
Then 

^^=Bi«+B'«+ - . . +fl+l-0. 

As in § 38, we may take g=Z and arrange the roots R, . . . , R^^ so that 
each is the cube of its predecessor: 

R, R^,R^, R^°, fl'S fis, fiis, fill, fffl, fli\ B», B\ R*, fli2, B2, fle. 
T^dng alternate terms, we get the two periods, each of eight terms, 

Hence »i+tfa = -l. We find that i/iy2=4(fi+ ... +fl'«)--4. Thus 

(22) yi, ys satisfy yHy-4 = 0. 
Taking alternate terms in ^i, we obtain the two periods 

TaJdng ^ternate terms in ys, we get the two periods 

^rl=i^3+i^5+i^'Hfi'^ w2=r^''+r^^+S'+r^. 

Thus zi+Z8-=»i, wi+'W2=y2. We find that 2122 =u'iwi2=—l. Hence 

(23) ri, Z2 satisfy i^-yiz-l=0, 

(24) iPi, ws satisfy v^—yiw — l —0. 
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Taking alternate terms in 21, we obtain the periods 

Now> vi+vs'Ci, vivisui. Hence 

(25) fi, V2 satisfy u'-«ii'+wi=0, 

(26) R, ff« satisfy p*-pip+ 1=0. 

Hence we can find ft by soIvinR a series of quadratic equations. Which 
of thv tiixtiM'it Talues of R we shall thus obtain depends upon which root 
of (22) is called yi and which yj, and similarly in (2S)-(26). We shall now 
show what choice is to be made in each such case in order that we shall 
final]}' gut the >'aluc of the particular root 

J, 2r^. . ar 

ft=co8 j=+tsm j^. 

Then 

B*-coep+isinp. r3 = ff*+^=2coB j=. 
Hence ri>ra>0. and tbei«loreei=ri+ra>0. SinularfT, 

.:<«, 

SUHK' •Aal>' the first «>.vano in ys fe podtive and it b DumencaBy loB Omn 
the thmi But jijfj- -■ *- Henw yi>ft. Thus ^22H**> giw 

Wif Eosy petKbty vvo^trtxt £«j:rueEC$ ot tbi'^e kn^leL ETidcndy 
N 17 K Hx Wcictb. 01 tbe b:y?t:Et::ui»- oi a ntj^t traaa^ whwe 1^ aie of 
kc^bi^ t di=<i 4. w&i£e f^.'r tbe rx^-sl is ^. wv eiitpk>y In^ l«' kngtlB 1 
aibi tj'- ^'^ ^^'J^ <.Y«t::L wifoaects r<fpn»>fsttnc the Avffinntf of the 
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quadratic equation (25). Its roots may be constructed as in § 29. The 
larger root is 

t»I = 2C0B^. 

Hence we can construct angle 2t/17 with ruler and compasses, and there- 
fore a regular polygon of 17 sides. 

10. Constnictioa irf a Regular PolygMi of 17 Sides. In a circle of 
radius unity, couBtruct two per- 
pendicular diameters AB, CD, 
and draw tangents at A, D, 
which intersect at S (Fig. 11). 
Find the point E in AS for which 
AE = \AS, by means of two bi- 
sections. Then 

AE=i, 0E=}Vl7. 
Let the circle with center E ^ 
and radius OE cut ^jS at E and 
F'. Then ^^- " 

A¥=EF~EA~OE~\^\Ui, 
Ar'-Er'\-EA=OE-\-\~-\^, 

Let the circle with center E and radius FO cut AS at H, outside of F'F\ 
tHat with center F' and radius F'O cut AS at W between E' and F. Then 

AU' = F'W~F'A=OF'~Ar=wx. 

It remains to construct the roots of equation (25). This will be done 
as in § 29, Draw HTQ parallel to AO and intersecting OC produced at 
T, Make TQ = AK'. Draw a circle having as diameter the line BQ 
joinings = (0,1) withQ = (zi,«;i). The abscissas 0^ and OJtfof the inter- 
sections of this circle with the i-axis OT are the roots of (25). Hence 
the larger root v\ is OJtf =2 co8(2t/17). 
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Let the perpendicular bisector LP of OM cut the initial circle of unit 
radius at P. Then 

cos LOP =0L= COB ^, LOP=^. 

Hence the chord CP is a side of the inscribed regular polygon of 17 
sides, constructed with ruler and compasses. 

41. Regular Polygon of n Sides. If n be a prime such that n— 1 is 
a power 2* of 2 (as ia the case when n = 3, 5, 17), the n— 1 imaginary nth 
roots of unity can be separated into 2 seta each of 2*~' roots, each of these 
sets subdivided into 2 sets each of 2*~' roots, etc., until we reach the pairs 
R, J/R and K^, 1/ff^, etc., and in fact ' in such a manner that we have a 
series of quadratic equations, the coefficients of any one of which depend 
only upon the roots of quadratic equations preceding it in the series. 
Note that this was the case for n = 17 and for n = 5. It is in this manner 
that it can be proved that the roots of z" = 1 can be found in terms of 
square roots, so that a regular polygon of n sides can be inscribed by ruler 
and compasses, provided n be a prime of the form 2*+l. 

If n be a product of distinct primes of this form, or 2* times such a 
product {for example, n = 15, 30 or 6), orif n = 2"(m>l), it follows readily 
(see Ex. 1 below) that we can inscribe with ruler and compasses a regular 
polygon of n sides. But this is impossible for all other values of n. 



1. If a and 6 are relatively prime Dumbers, so that their greateat common divisor 
is unity, T»e can find integerec and (iauch that oc+M = l. Show that if regular poly- 
gons of a and b sides can be constructed and hence angles 2r/a and 2ir/b, a regular 
polygon of a-b sides can be derived. 

2. If p=2*+l is a prime, A is a power of 2. For k-2', 2> , 2>, 2', the values of p 
are 3, 5, 17, 257 and are primes. (Show that h cannot have an odd factor other than 
unity.) 

3. For 13th roots of unity find the least g (J 38), writ« out the three periods each 
of four terms, and find the cubic equation having them as roots. 

4. For the primitive ninth roots of unity find the least g and write out the three 
periods each of two terms. 

Solve the following reciprocal equations: 

5. y*+iy'-3y' + iy + l = 0. 8. y^-iy>+yl+yt-Ay+l=0. 
7. 2j('-5y'-f-4!/'-V+5!;-2-0. 8. v^ + \'3\{y+l)K 

' See the author's article " ConBtructiona with ruler and compasses; regular poly- 
gons," in Monographs on, Topics of Modem Matkematita, Longmans, Green and Co., 
1911, p. 374. 



CHAPTER IV 
SoLimON OF Cubic and Quabtic Equations; Thehi Discriuinantb 

42. Reduced Cubic Equation. If, in the general cubic equation 

(1) if+bi'+cx+d-O, 

we set x=v— 6/3, we obtain the reduced cubic equation 

(2) j'+PS+S-O, 
lacking the square of the unknown y, where 

«> f J bc^2ll> 

(3) P=c-j, , = d-_+-. 

After finding the roots yi, yz, yz of (2), we shall know the roots of (1): 
... 6 6 6 

43. Algebraic Solution of the Reduced Cubic Equation. We shall 
employ the method which is essentially the same as that given by Vieta 
in 1591. We make the substitution 

(5) V-'-i 

in (2) and obtain 

ance the terms in z cancel, and likewise the terms in I/2. Thus 
(8) i'+g^-^-O. 

Solving this as a quadratic equation for 2*, we obtain 

(7) ^.-l^vs, s-(f)%(|)- 

45 



46 CUBIC AND QVARTIC EQUATIONS [Ca. IV 

By § 8, any number has three cube roots, two of which are the producta 
of the remaining one by the imaginary cube roots of unity: 
(8) «=-i+J>/3i, t.)2=_j_jV3^ 

We can ohooae particular cube roots 



X-^-2+V5, B-^ 



(9) 

Bueh that AB= — p/3, since the product of the numbers under the cube 
root radicals is equal to {— p/3)'. Hence the six values of z are 

A, aA, u!^A. B, uB, <^B. 
These can be paired so that the product of the two in each pair is —p/3 

Hence with any root 2 is paired a root equal to — p/{3z). By (5), the sum 
of the two is a value of y. Hence the three values of y are 
(10) yi=A+B, y2 = wA+J'B, y3 = <^A+u>B. 

It is easy to verify that these numbers are actually roots of (2) For 
example, since o^ = 1, the cube of i/a is 

A'^+B!^+3uA^B+3<^AB^=~g-p(uA+u^B) = -q-pys, 
by (9) and AB= -p/3. 

The numbers (10) are known as Cardan's formulas for the roots of a 
reduced cubic equation (2). The expression A+B for a root was first 
published by Cardan in his Ars Magna of 1545, although he had obtained 
it from Tartagtia under promise of secrecy. 

ExAUpLB. Solve !/»-15v- 126=0. 

Solution. ThesubBtitutJon (6) ishere y-i+5/z. We get 

i*-126i>+125=0, i' = lorl25. 

The pairs of values of i whose product Is 5 are 1 and h, u and 5w', u* and 6u. Theii 
Bums 6, u+5(i)', and w'+Su give the three roots. 



Bolve the equations: 

1. y'-18i/+3fl=0. 2. *»+6i'+aj:+18- 

3. v'-2b+4-0. 4. 2te'+to>-l-0. 



ALGEBRAIC SOLUTION OF CUBIC EQUATIONS 



(In Exs. 1-35, Risa perfect square.} 

I (■-9^-12-0, Am. aa ia Ex. 1 with all signs +■ 

I. v'-%-6=0. 4. y'+18y+6-0. 5. v'+16ff-20-0. 

1. F'-l6y-30-0. 7. y'+21y~42~0. 8. j/'+12y+12-0. 

I. K'-12y-20=0. 10. if'-18i(-30-0,AT«.A' = 18,B'-12. 

.. v*+18tf-30-0. 12. v'+30i/+30=0,An«.A' = 20, B'--50. 

[. i'-ar>-ftc-I5=0. 14. »'+6v+2-0, ArM.A'-2,B''--4. 

i. i;»-&r>-4-0. 16. ^'+36^+12=0, An«. A'"36, B'- -48. 

■. i'-3i'-l&t-36=0. 18. y'+lSy+U=-0,A7U,.A^-^,B~-2-^S. 

I. ii-fti«-12i-8-0. 20. y'+42i/+7-0,Anji.^ = i^,B=-2^. 

. i»-6l'-6l-14=0. 22. y'+12y-3O = 0, Ang. A''2'^l, B~ ~^. 

I i/>-12y-34-0. 24. y' + lSy+dO-'O, An». A='i^, B~ -Z^. 

'•■ y'+aOy+li-O. 26. y^-lBy-llO-O, Ant. A^S-i^, B-=-^. 

'. y'-I8!;-75-0. 28. y'+18y~69-0. 29. i/»-18!/-33=0. 

I. y'-30!/-65-0. 31. !/'+54y-9-0. 32. !/»+66i/-33-0. 

[. y>-3kty't(t+k')-0. 34. jf'-3i.(y-s((s+() = 0. 
'. v'+3u'j+2i™=0, io=u'— w'l u and w arbitrary. 



BXERCISBS ON QUARTIC EQUATIONS 
Factor the following functions or solve the corresponding equations. 



I. Quartics having two real and 

1. i*+12i-6, Aiu. «>+2a;-l, x 

2. x*+32i-60. 3. x* 
4. x*-ar'+12j:-8. 6. i* 
7. x*-4i'+8i-4. 8. I*- 

10. ^'-Ito'+lte+fi. 11. x' 

13. x*~8x'+2ix+7. 14. I' 

16. i*-7i'+28i:+8. 17. I' 

19. i*-7j'+14i-10. 20. i' 

22. i'+6x'+22a:— 10. 23. x* 
24. i*-8T»+iftF+12. 
26. a:*-8r'+iar-12. 
28. »'-5;c'+18i-20. 
30. i*-4a;'+20x-26. 



two imaginary roots. 

'-2i+fi. 
-2«'-ae-3-0,AM. l±\/2, - 



i±V^. 



■6i'+12i-8. 

-i'+lttr-4. 

-12£'+24i;-5. 

■lfte'+32i;-7. 

■9x'+3Gx-8. 

■i'+14i-10. 

■25i'+54j+10-0,A 



, i'-3i;'+10i-6. 
, r<-2i>+8i-3. 
. r<-9i'+20i+6. 
, i<-llz'+2ai-6. 
, j;<-9i'+12i+I0. 
x»-13i'+28i-10. 
3±i. -3 i\/8. 



-3T>+lte-12=0,i4n*. 1±\/^, -1±V?. 
-&e'+lix-l2='0,Am. 1-±V^, -1±V5. 
-3a>+18i-20=0,ilM. 1±2», -1±V^. 
-a!'+2*-l=0, Ant. ^(l±\/^), 1(-1±VS). 



CUBIC AND QUARTIC EQUATIONS 



1. Quorticfl hAving four real ri 

I. i'-I6i>-8i-l. 33. ; 

i. i'-7i'+2i+2. 36. : 

1. i;*-l&r'-12i-2. 39. : 

. «*-2Cte»+a*+3. 42. ^ 

I. x»-ftt>-6r+4. 44. : 

■>. i«-l(te"-8i+6. 46. ; 

'. t'-2U'+4f+6. 48. ; 

I. **-lte'-4i+8. 50. : 

. x*-23x'+4i+12. B2. ; 

. **-27x»+3fti+14. BL : 



-3to'+12r-l. 

-3at"+to+2. 

-lto'+4i+2. 

-32r'+12a;+3 

-21i'+12k+4 

-23i'+20a;+8 

-28i'+36i+7i 

-lli'-fe+lO 

-24i'+16*+12 

-2Si'+12s+18 



84. r«-13r>+4i+2. 

37. i*-3fa«+18r-2. 

40. i*-37i'+I8i-2. 
-0,An«. 3±->/B, -3±-\/5. 
■0,-4ii«.2±V^, -2±v^ 
■0, An*. 2±-v/5, -2±VlO- 
"0, Am. 3± \/S, -3±V8. 
■0,Am. \^\% -1±n/3. 
=0, ilw. 2±V5, -2±VJS- 
-0, Aim. 2±\'7, -2±-v/I(5. 



III. Quartics having four imaginuT roots. 

65. i*+i'-2x+6. 86. a:*+2a!'-4a:+8. 
68. j;'+8*'+2«+12. 
61. a:* +8r*+ 161+20. 
64. a:*-tr'-Si+36. 

66. i*-ai;'+4r+42. 
68. x*-2j'+8«+48. 



67. i*+3i'+6i+10. 
+tE'+tE+15. 60. r'+6i'+2i+20. 

x*-ir'-4i+30. 63. a;*+ta'+14r+30. 

i*-3i'-12i+40-0,ilM. 2±f, -2±2». 
x<+10s'+12j+40-0, Am. 1±3», -1±\/^ 
i* + lli'+10r+60-0,An«. 1±3». -l±2i. 
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44, Disciimiiunt The product of the squares of the differences of 
the roots of any equation in which the coefficient of the highest power of 
the unknown is unity shall be called the discriminant of the equation. 
For the reduced cubic (2), the discriminant is 

(11) {y,-y2nyi-y3)Hy2-y3)''-ijf-27f, 

a result which should be memorized in view of ita important applications. 
It is proved by means of (10) and w^ = l, w^+w+l = 0, as follows: 

Si-y2 = (l-")(^-<-^5), yi-y3 = (l-«^)(A-«B), 
V2-y3 = ('--«')(A-5), 
(l-w)(l-w2)=3, w-w' = v'3i. 
Since 1, w, u^ are the cube roots of unity, 

(l-l)(l-«)(l-«2) = x3-l, 

identically in x. Taking x=A/B, we see that 

(A-B){A-wB)(A~i^B)=A^-B' = 2VR, 

by (9). Hence 

{yi~y2)(.yi-y3)(y2-ya)~6V3VRi. 

Squaring, we get (11), since -108ff =-4p3-27y' by (7). For later 
use, we note that the discriminant of the reduced cubic is equal to — 108 R. 
The discriminant ^ of the general cubic (1) is eqiud to the discriminant 
of the corresponding rediuxd cubic (2). For, by (4), 

xi-X2 = yi-y2, xi-ia=vi-ya, X2-X3 = y2~ya- 
Inserting in (II) the values of p and 9 given by (3), we get 

(12) A = 186cd-4b3d+6='c^-4c3-27<P. 
It is sometimes convenient to employ & cubic equation 

(13) ai^+bx'+cx+d-O (a^O), 

in which the coefficient of z* baa not been made unity by division. The product P 
of the squarea of the differencefl of ita roots is evidently derived from (12) by replacing 
b, c,dhy b/a, e/a, d/a. Hence 

(14) a'P-K abed-Wd+bh'-iaf -77aH>. 
llus expresnon (and not P itsell) is called the discriminant of (13). 
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46. Number of Real Roots of a Cubic Equatioo. A cubic equation 
with real coefficicTUs has three disltTui real roots if its discriminant ^ is positive, 
a single real root and two conjugate imaginary roots if ^ is negative, and at 
fcasi (too equal real roots if A is zero. 

If the roots xi, xz, xg are all real and distinct, the square of the differ- 
ence of any two is positive and hence A is positive. 

If xi and X2 are conjugate imaginaries and hence Xs ia real (§21), 
(li— X2)*is negative. Since Xi—xg and xi—Xa are conjugate imaginaries, 
their product is positive. Hence A is negative. 

If xi=X2, A is zero. If Xi were imaginary, its conjugate would be 
equal to xs by § 21, and Xa, «3 would be the roots of a real quadratic 
equation. The remaining factor x—Xi of the cubic would have real 
coefficients, whereas Xi=X2 is imaginary. Hence the equal roots must 
be real. 

Our theorem now follows from these three results by formal logic. 
For example, if A is positive, the roots are all real and distinct, since 
otherwise either two would be imaginary and A would be negative, or two 
would be equal and A would be zero. 



Compute the diticrinunant and find the number of real roots of 

1. jr'-2j/-4=0. 2. 1^-15^+4=0. 

3. y»-27v+54-0. 4. aJ+4i'-lli+6-0. 

5. Show by means of 5 21 that a double root of a real cubic is real. 

46. Irreducible Case. When the roots of a real cubic equation are 
all real and distinct, the discriminant A is positive and fi=— i/108 is 
n^ative, so that Cardan's formulas present the values of the roots in a 
form involving cube roots of imaginaries. This is called the irreducible 
case since it may be shown that a cube root of a general complex number 
cannot be expressed in the form a+bi, where a and b involve only real 
radicab.' While we cannot always find these cube roots algebraically, 
we have learned how to find them trigonometrioally (§ 8). 

ExAUPLE. Solve the cubic equation (2) when p— —12, g = — 8V2. 
SobOitM. By (7), A= -32. [[<^'nce formulas (9) become 

.A = V'4v'2+4V^i, B='>/W2-iV2i. 
' Author's Etanentan/ Theory of Bquatiom, pp 35. 30. 
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lite vbIiks of A were found in 1 8. The T&lues of B are evidently the oooiupte inuigi- 
nftries of Uie values of A. Hence the roots are 

4 SOB 15°, 4oob135°, 4 cos 255*. 



1. Solve tf'-15»+4=0. 2. Solve v>-2»-I-0. 

3. Solvey"-7v+7=0. 4. Solve x'+3x'-2i-5=0. 

5. So1v«j>+j'-2e-1-0. 6. Solve x'+tr'-7-0. 

47. Trigonometric Solution of a Cubic Equation witii A>0. When 
the roots of a real cubic equation are all real, i.e., if A is negative, they 
can be computed simultaneously by means of a table of cosines with much 
less labor than required by Cardan's formulas. To this end we write 
the trigonometric identity 

cos 3A = 4 cos'A — 3 cos j1 
in Uie form 

z^-fz-} cos 3-4=0 (i = cobA). 

In the given cubic i^+py+(I=0 take y=n2; then 

which will be identical with the former equation in z if 
n=V^^, co8 3A = -i5^V-p3/27. 

Since R = p'/27+^/4 is negative, p must be negative, so that n is real 
and the value of cos 3A is real and numerically less than unity. Hence 
we can find SA from a table of cosines. The three values of z are then 

COS A, 003(4 + 120°), cos{A+240''). 
Multiplying these by n, we obtain the three roots y correct to a number 
of decimal places which depends on the tables used. 



1. For y'-2s-l=0, show that n»-8/3, eooSA-V^I/Si, 3X=23M7'0", 
eo8A=0.99084, cos (X+120'') = -0.61237, cos (.4 +240°) = -0,37847, and that the 
toots y are 1.61804, -1, -0.61804. 

2. Solve £xB. 1, 3, 4, 5, 6 of { 46 by trigonometiy. 
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48. Ferrari's Solution of the <7uartic Equation. The general quartic 
equation 

(15) x*-i-ba?+c3?+dx+e=0, 

or equation of degree four, becomes after transposition of terms 

X*+bj^= —ca^—dx—e. 
The left member contains two of the terms of the square of a^+Jte. 
Hence by completing the square, we get 

(a^+ite)2= C}62-c)«*-da;-e. 
Adding (T'+^bx)y+\y^ to each member, we obtain 

(16) {x^+hf>=^+\yy = {\l^-c+y)x'+{hby-d)x+{y'-e. 

The second member is a perfect square of a linear function of I if and 
only if its discriminant is zero {§ 12): 

(ifr!/-d)'-4(lfe3-c+i/) (ltf2-c)=0, 
which may be written in the form 

(17) y^-cy'+ibd-4e)y-iy'e+4ce-d^=0. 

Choose any root y of this reaotvent cubic equation (17). Then the 
right member of (16) is the square of a linear function, say tnx+n. Thus 

(18) v'+ibx+iyjnx+n or x^+^bx+^y-mx-n. 

The roots of these quadratic equations are the four roots of (16) and 
hence of the equivalent equation (15). This method of solution is due 
to Ferrari (1522-1565). 

Example, Solve i»+2i'-12z»-10r+3-0. 

SoliUion. Here b -2, e--12,d- -10, e-3. Hence (17} becomes 

S' + 12!,'-32!;-256=0, 

which by Ex. 2 of § 24 has the root y — —4. Our quartic may be written in the form 

(i'+i)' = 13i' + 10i-3. 

Adding (x'+x) { —4) +4 to each member, we get 

(.x'+x-2)'~9x*+(ix+l-(3x+l)*, 

x'+x-2-±{3x+D, i'-ac-3-0or*'+4x-l-0, 

whose roots are 3, —1, — 2d: V5. As a check, note that the sum of the roots is —2. 



DISCRIMINANT OF A QUARTIC 



1. Solve a;«-ar'+ftE>+&r-10=0. Note that (17) is {v-9) (v'-24)-0. 

2. Solve i<-2i>-7i'+8i+12-0. Since the right member of (16) is {8+y) (i*-*) 
+h'-12,UBev--8. 

3. Solve i'-3i'+6i-2=0. 
4.,Solve«*-2«'-&e-3-0. 6. Solve «*-lte»'2(te-16-0. 

49. Roots of die Resolvent Cubic Equation. Let ^i be the root y 
which waa employed in § 4S. Let xi and xj be the rootB of the first 
quadratic equation (18), and xa and xi the roots of the second. Then 

xiX2 = ^yi—n, i3Xi = ^yi+n, XiX2+X3Xi = yi. 

If, instead of yi, another root 1/2 or yz of the resolvent cubic (17) had been 
employed in § 48, quadratic equations different from (18) would have 
been obtained, such, however, that their four roots are xi, X2, X3, X4, paired 
in a new manner. The root which is paired with xi is X2 or X3 or x*. It 
18 now plausible that the values of the three y'a are 

(19) I/l=XlXa+X3X4, V2 = XlXa+X2X4, l/3=XlX4+X2X3. 

To .give a more formal proof that the y's given l^ (19) are the roots 
of (17), we employ (| 20) 

Xl+l2+X3+X4 = —b, XiX23!3+~iX3X4+X|X3X4 +13X3X4 = —d, 

Xl«2+XlX3+XlX4+X2X3 + X2X*+X3X* = C, XlX2X3X« = e. 

From these four relations we conclude that 
yi+y2+y3-=c, 

Vll/a+I/lI/a+l/2j/3 = (xi+X2+X3+X4)(xiX2X3+ . . . +X3X3X4) - 4XiX2XBXi 

= M-4e, . 

ymya = iXlX2X3+ ■ ■ ■ )^+XlX2X3X4{(xl+ , . . )*-4(XlXz+ . . . )i 

= d2+e(&2-4c). 
Hence (5 20) yi, y2, ys are the roots of the cubic equation (17). 

60. Discriminant The discriminant A of the quartic equation 
(15) is defined to be the product of thesquaresof the differences of its roots: 

A-Cjl-X2)^(Xi-Ia)^(Xl-l4)^(Xz-X3)2(X2-X4)2CX3-n)2. 
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The fact that A is equal to the discriminant of the resolvent cubic 
equation (17) follows at once from (19), by which 

yi-y2~(xi-x*){x3-X3), yi-y3=ixi-X3)(x2-x4,), 

y2-y» = (xi~xa)ix3-X4.), (j/i-y2)^(vi-!/a)*(i/2-J/3)' = ii. 

Hence (§44) A is equal to the discriminant — 4p'— 27?* of the reduced 
cubic Y^+pY+q=0, obtained from (17) by setting y=Y+c/3. Thus 
(20) p = &d-4e-}c*, q=-V'e+\bcd+ice~<P~^. 

Theorem. The discriminant of any quartic equation (15) is equal to 
the discriminanl of its resolvent cubic equation and therefore is equal to the 
discriminant -4p^ — 27(p of the corresponding reduced cubic Y^+pY+q=0, 
whose coeficients have the values (20), 



1. Find the discriminant of z*— 3z'+x*+3z— 2~0 and show tiiat the equittion 
has a multiple root. 

2. Show by its discriminant that z'—Sx*+22z'—24x+9=0 has a multiple lool. 

3. If a real quartic equation has two pairs of conjugate imaginary roots, show that 
its discriminant A is positive. Hence prove that, if A<0, there are exactly two real 
lOOta. 

4. Hence show that z<~3z'+3z'—3z+2=0 has two real and two imaginary roots. 

61. Descartes* Solution of the Quartic Equation. Replacing x by 
z—b/i in the general quartic (15), we obtain the reduced quartic equation 
(21) e*+q^+rz+s=0, 

lacking the term with ^. We shall prove that we can express the left 
member of (21) as the product of two quadratic factors 

(22+2fc2+0(2^-2Jfcz+m)=z*+(I+m-4ft2)z=+2fc(m-0z+im. 
The conditions are 

l-i-m-4k^ = q, 2k{m-l)=r, lm=$. 
Uk^O, the first two give 

2l=q+4k''~ 2m = q+4i^+~. 

Inserting these values in 2^- 2m =48, we obtain 

(28) 641fc8+32Bfc*+4(33-48)fc2-r^=0. 
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The latter may be solved aa a cubic equatioD for Ifc". Any root ifc**^0 
gives a pair of quadratic factors of (21): 

(23) z»±2ifcz+ig+2i=T^. 

The four roots of these two quadratic functions are the four roots of (21). 
This method of Descartes (1596-1650) therefore succeeds unless every 
root of (22) is zero, whence q = s=T=0, so that (12) b the trivial equation 
z*=0. 

Forexunple, consider i"-3z'+6i-2=0. TbMi (22) becomes 
6«;'-3-32t' +4-17*' -36-0. 
The value k' = l givea the factora z'+2f — 1, i'— 2f+2. Equ&ting these to lero, we 
find the tour roots -liV^ liV-l. 

62. Symmetrical Fonu of Descartes' Solution. To obtain this sym- 
metrical form, we use aU three roots fci^, ^2^, ^3* of (22). Then 

*iHifc2"+ifc3'= -hq, k,'k-^k3^ = ^. 

It is at our cboice as to which square root of ki^ is denoted by +ki and 
which l^ — fc], and likewise as to d:k2, ^ka. For our purposes any 
cboice of these signs is suitable provided the choice give 

(24) kiksks^—. 

Let fciT^O. The quadratic function (23) is zero for A: = A;i if 

(ziJfci)* i-*i^±^=*:='+*:3^^^^'= (iiTfca)'. 

Hence the four roots of the<quartic equation (21) are 

(25) ki+k2+k3, *i-fc3-*a, -fci+fca-Aa, -fti-fcj+Jfca. 



1. Solve Ess, 4. 5 of § 48 by the method of Descartes. 

2. By writing yi, yi, Vi for the roots fci', W, k,' of 

(26) 64y'+32w'+4(9'-4a)i,-r'-0, 
show that the four roots of (21) are the values of 

(27) f-VjA+V^+V^ 
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for all combiD&tiona of the square roota for which 

(28) VV^-V^-Vy,^-^. 

3. Euler (1707-1783) solved (21) by asmimiiiK that it has a root of the form (27). 
Square (27), transpose the terms ftee of radicals, squ&re again, replace the last factor 
of ^Vya^, ( Vtfi+V^+Vjft) by t, and identify the resulting quartic in * wiUi (21). 
Show that t/i, yi, ^i are the roots of (26) and that relation (28) holds. 

4. Find the six differences of the roots (25) and verify that the discriniinant A of 
(21) is equal to the quotient of the discriminant of (26) by 4'. 

5. In the theory of the inflexion points of a plane cubic curve there occurs the 
equation 

t'-Sz'-^Tt—^'-O. 

Show that (26) now becomes 

i"ir-' -©■-(f)* 

and ttUit the roots of the quartic equation are 



/lS+<^±ViS+u.<^±ViS+<^^<^, 



where u is an imaginary cube root of unity and the signs are to be chosen so that the 
product of the three summands is equal to +17*. 

HISCELLANEOUS EXERCISES 

1. Fiad the coordinates of the single real point of intersection of the parabola 
y— «' and the hyperbola xy—4x+y+%=0. 

2. Show that the abscissas of the points of intereection of yx* and ax*—xy+y'— 
i-(a+5)tf-6=0 are the roots of i'-i>-5i'-i-6=0. Compute the diecrirainant 
of the latter and show that only two of the four paints of intersection are real. 

3. Find the coordinates of the two real points in Ex. 2. 

4. A right prism of height k has a square base whose side is b and whose diagonal 
is therefore bV2. If t denotes the volume and d a diagonal of the prism, f-Ab* and 
(i»=A' + (bV2)'. Multiply the last equation by ft and replace A6' by (1. HenceA'— d'A 
+21—0. Its discriminant is lero if d-sVa, i' = 27; find h. 

5. Find the admissible values of A in Ex. 4 when if -^12, i'^332.5. 

6. Find a necessary and sufficient condition that quartic equation (IS) shall have 
one toot the negative of another root. 

Hint: (ii+ii) (.xi+xt)^g—y\. Hence substitute g for v in (17), 

7. In the study of parabolic orbits occurs the equation tan ir+j tan' Ju — (. 
Prove that there is a single real root and that it has the same sign as I. 

8. In the problem of three astronomical bodies occurs the equation x'+ax+2^0. 
Prove that it haa thiee real roota if and only if a £ —3. 



CHAPTER V 

The Graph of an Equation 

63. Um of Gratis in tte Theory <tf Eqiiatioiis. To find geometricall> 
the real roots of a real equation f{x) = 0, we construct a graph of y =f(x) 
and measure the distances from the origin to the intersections of the 
graph and the x-axis, whose equation is y = 0. pLti4 

For example to find geometrically the real 
roots of 



(1) 



i2-6i-3-0, 



we equate the left member to y and make a 
graph of 

(1') j/^a^-ex-S. 

We obtain the parabola in Fig. 12. Of the 
pointe shown, P has the abscissa x = 0Q=4 
and the ordinate y=—QP= —II. From the 
points of intersection of v = (the x-axis OX) 
with the parabola, we obtain the approximate 
values 6.46 and -0.46 of the roots of (1). 




1. Find graphically the real roots of i'—ftr+7 = 0. 

Hint: For each x, v = i' — 6z+7 exceeds the y in (!') by 10, so that the new graph 
is obtained by shifting the parabola in Fig. 12 upward 10 units, leaving the axes OX 
aod OY unchanged. What amounts to the same thiDg, but is simpler to do, we leave 
the parabola and OY unchanged, and move the axis OX downward 10 units. 

2. Discuss graphically the reality of the roots of x'— 6x + 12=0. 

3. Find graphically the roots of x'-6x+9~0. 

fil. Caution in Plotting. If the example set were 
(2) y=8x*-14j^-9x'+nx~2, 

one might use successive integral values of x, obtain the points (—2, 180), 
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(-1, 0), (0, -2), (1, -6), (2, 0), (3, 220), aU but the 
first and last of which are shown (by crosses) in Fig. 
13, and be tempted to conclude that the graph is a 
U-ehaped curve approximately like that in Fig. 12 
and that there are just two real roots, — 1 and 2, of 
(2*) 8ar*-14a?-9x*+llx-2=0. 

But both of these conclusions would be false. In fact, 
the graph is a W-shaped curve (Fig. 13) and the 
additional real roots are J and J. 

This example shows that it is often necessary to 
employ also values of x which are not integers. The 
purpose of the example was, however, not to point 
out this obvious fact, but rather to emphasize the 
chance of serious error in sketching a curve through a 
number of points, however numerous. The true curve 
between two points below the a^-axis may not cross the 
X-axis, or may have a peak and actually cross the x-tma 
twice, or may be an M-shaped curve crossing it four 
times, etc. 
For example, the graph (Fig. 14) of 
(3) i/-a:3+4r'-ll 

crosses the i-axis only once; but this fact can- 
not be established by a graph located by a num- 
ber of points, however numerous, whose abscissas 
are chosen at random. 

We shall find that correct conclusions regard- 
ing the number of real roots may be deduced 
from a graph whose bend points (§ 55) have been 
located. 

66. Bend Points. A point (like M or M' in 
Ilg, 14) is called a bend jxrinl of the graph of 
y=f{x) if the tangent to the graph at that point 
is horizontal and if all of the adjacent points of 
the graph lie below the tangent or all above the 
tangent. Tbe first, but not the second, condi- 
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tion is satisfied by the point of the graph of y=3? given in Fig. 15 (see 
( 57). In the language of the calculus, f(x) has a (relative) maximum or 
minimum value at the abscissa of a bend point on the graph of y=-fix). 
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Let P = (x,y) and Q=ix+h, Y) be two points on the graph, sketched 
in Fig. 16, of y=fix). By the slope of a straight line is meant the tangent 
of the ai^le between the line and the z-axis, measured counter-clockwise 
from the tatter. In Hg. 16, the slope of the straight line PQ is 



(4) 



Y~y _ fix+h)~m 
h h 



Forequation{3),/(i)=i3+42:2-ll. Hence 
/(i+A) = (i+A)a+4(x+A)»-ll 

"Hie dope (4) of the secant PQ is therefore here 
da?+Sx+(Zx+4) h+k'. 

Now let the point Q move along the graph toward P. Then h approaches 
the value zero and the secant PQ approaches the tangent at P. The 
slope of the tangent at P is therefore the corresponding limit 3a^+8i 
of the preceding expression. We caU3a:^+8a; the derivative ol 3^ +4i^—l\. 



In particular, if P is a bend point, the slope of the (horizontal) tangent 
at P is zero, whence 3i^+&r=0, x=0 or x=—^. Equation (3) gives 
the corresponding values of y. The resulting points 

are easily shown to be bend points. Indeed, for x>0 and for x between 
—4 and 0, x* {x+4) is positive, and hence /(i)> — 11 for such values of 
X, so that the function (3) has a relative minimum at x=0. Similarly, 
there is a relative maximum at x= — |. We may also employ the general 
method of § 59 to show that M and M' are bend points. Since these bend 
points are both below the x-axis we are now certain that the graph 
crosses the x-axis only once. 

The use of the bend points insures greater accuracy to the graph than 
the use of dozens pf points whose abscissas are taken at random. 

66. Derivatives. We shall now find the slope of the tangent to the 
graph of y=/(x), where /(x) is any polynomial 

(5) /{x)=aox"+aix"-'+ . . . +a,_ix+a,. 

We need the expansion of f(x+h) in powers of x. By the binomial 
theorem, 

ao(,x+h)'=ao3f +naox"-'A + "^"~^^ oqx"-'A' + . . . , 

Qi(x+A)"-'^aix"-'+(n-l)oix"-'A+ ^"~^^j"~^^ aix-'A'+ .... 

a».,(x+A)2-a,_!x2+2a,_^ +0,.^, 

a,_i(x+ft)=a,_,x +a„_ifc, 

The sum of the left members is evidently f(x+h). On the right, the 
sum of the first terms (i.e., those free of A) is/(x). The sum of the coef- 
ficients of A is denoted by /'(x), the sum of the coefficients nt ^A' is denoted 
hyf"(,x), . . . , the sum of the coefficients of 
A' 
1-2...* 
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is denoted by/'*'(i). Thus 

(6) /'(i) = »Mox-' + (n-l)ai:c->+ . . . +2a,.^+a._„ 

(7) f"(x) = n(n-i)ac3f-'+{n-l) (n-2)flia:-'+ . . . +2a,.^ 
etc. Hence we h&ve 

(8) Kx+h)-KxHf<.x)h+rM^+f"(')j^ 

+■■■ +/"(x)*;+ . . . +f'(')^,, 

where r! is the symbol, read rfadorial, for the product l-2'3 . . . (r— l)r. 
Here r is a positive integer, but we include the case r=0 by the definition, 
0(=1. 

This formula (8) is known as Taylor's theorem for the present case of 
a polynomial /(«) of degree n. We call /'(a:) the (Jirat) derivaiive off{x), 
and /"(i) the second derivtUive of f(x), etc. Concerning the fact that 
f"(x) is equal to the first derivative of f'{x) and that, in general, the fcth 
derivative /***{*) of /{^) is equal to the first derivative of /'*""(i), see 
ExB. 6-9 of the next set. 

In view of (8), the limit of (4) as k approaches zero is/'(i). Hence 
f'(x) is the slope of the tangerU to the graph of y=f{x) at the point {x, y). 

In (5) and (6), let every a be zero except oq. Thus the derivative of 
ooi" is naox""', and hence is obtained by multiplying the given term by 
its exponent n and then diminishing its exponent by unity. For example, 
the derivative of 21* is 6x^. 

Moreover, the derivative of fix) is equal to the sum of the derivatives 
of its separate terms. Thus the derivative of x^+is^—ll ia 3x*+8a:, 
as found also in § 55. 



1. Show that the slope of the tangent to v-8i'-22j'+13j-2 at (i, y) a 24i'- 
44z+13, and that the bend points are (0.37, 0.203), (1.4G, -5.03), approximately. 
Draw the graph. 

2. Prove that the bend points of y-x*-2x-5 are (.82, -6.09), (-.82, -3.91), 
approxiniately. Draw the graph and locate the real roota, 

3. Find the bend points of y-x'+Gi'+Sx+S. Jjocatc the real roots. 

4. Locate the real roots of /(r)-j!'+i'— I— 2-0. 

Hints: The abscissas of the bend points are the roots of /'(x) -li^+Sx'— 1— 0. 
The bend points of !/=/'(x) are (0,-1) and (-i, -|), sothat/W-O has a single real 
root (it ia just less than J). The single bend point of y—f(.x) ia (J, — j^), approxi- 
matdy. 
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S, Ij«n»t«then«Iroot»(rf «'-7r<-3*'+7-0. 

(1, l'R»v«t thnl/"(ir)i given by (7), ia eqiuU to the fiirt derivative otf(x). 

7, It /(j)'*/i(2)+/i('<Ji prove that the ;icth dcrivHitive of / ia equal to the sum of 
Hut ifcth (liirlvntlveii »(/> and/,. Uae (8). 

H. I'mvii UiAt /'"(2) i" equal to tiie first derivative of /^''Hx). Hint: prove thia 
(or /-(!.»"; Ihon iirovo tliat it ii true for/-/i+/i if true for/i and/i. 

II. Kind tlui tJilnl derivative of x'+ix* by forming aucceaaive first derivatives; 
iil«ithnti)f ar«-7r'+s. 

10, E'rovn that if g and k are polynomiala in x,the derivative of gk ia B'k+gk'. Hint: 
mulli|ilytlwitn.mberiof #{*+«-ff(i)+j'(*)ft+.. .wad k(x+k)-k{x)+k'(x)k+ . . . 
umiim Wtoif-gk. 

07. Horizontal TangontB. If (z, y) is & bend point of the graph of 
y— /(/), tluHi, liy definition, the slope of the tangent at (x, y) is zero. 
Ilt'iico ((M), tli(< uIwciBRA X 18 a root of f(x)=Q. In Exs. 1-5 of the 
prtHHMliiig iH>t, it wiia true that, conversely, any real root ot f(x) = is 
iho Hlwi'iitMA of a Ix'nd (wint. However, this is not alwf^ the case. 
Wt< hIwH now ct^naidpf in dotail an example illustrating this fact. The 
cxHinplv in tl«> oni' merely- mentioned in § 55 to indicate the need of the 
MHHiiit) nH]uirtniient mado in our definition of a bend point. 

The graph (Fig. 15) of y-ar* has no bend point since x* increases when 
J iuerwww. Newrthelesa, the derivati\'e 3** of *• is aero for the real 
V»liu> JT-O. The tangent to the curv*e at (0, 0) is the horiiontal li^e 
|l<-0. It nia>' Im> thought of as the limiting position of a secant through 
O whieh m(>et« the cur%'? in two further points, seen to be equidistant 
f rt^n (>. \Vhcn oite. and hence also the other, of the latter pointa apivoaches 
(), thi> aceaiil approaeheis the position of tangfncy. In this sense the 
tattgont at O it »u«t tu nteet the eur\-e in thr^ coincident pcunts, their 
KlkA'iiWMi b«>ing the three ntinciding roots of j^— 0. In the langua^ of 
$17. jr'-Oh** the triple r.>otj-0. The subject of bend points, to whidh 
wv PK'ur in § !i$k has thm led us to a digression on the inqnrtant subject 
*»f multipli^ nx^ts. 

«». Mvttifl* Roots. InvStief<lae«xby<i,andAbyx-«. Thai 



^-*'...^^ *~'* --^ g' ^^""'' 



Hjf •Mkiitk* ^$ IT^ * » » Rv* of A»> ■* 1?^ muhitii«;y m if .V) e 



SS8J MULTIPLE ROOTS 01 

divisible by {x—a)", but not by {a:-a)"'*''. Hence a is a root of multi- 
pliciiy m of f{x) =Oif and only if 

(10) /(«)=0. /C«)=0, /"W=0 /«-»{«)-- 0, /««C«)^0. 

For example, x*+2z'-'0 has the triple root x-0 nnce ia a root, and since the 
first and second derivatives 4x'H-6x* and I2x'+122 are taro for xisO, while the third 
derivative 24:e+12 is not tero for x— 0, 

If in (9) we replace / by /' and hence Z*** by /***", or if we differentiate 
every term with respect to x, we see by either method that 

(11) f(x)=r(a)+r(.aKx- 

^■' ^"^ (m-1)! ^■■■■ 

Let /(a;) and /(a) have the common factor (x—a)""', but not the com- 
mon factor (x—a)"*, where m> 1. Since (11) has the factor (x— «)■"', we 
have /'(ff)=0, . . ■ , /*"""(") =0. Since also f{x) has the factor x—a, 
evidently /(a) = 0. Then, by (9), /(x) has the factor (x-a)", which, 
by hypothesis, is not also a factor of f'{x). Hence, in (U), f^(a)^0. 
Thus, by (10), a is a root of /(i)=0 of multiplicity m. 

Conversely, let a be a root of /(x) =0 of multiplicity m. Then relar 
tions (10) hold, and hence, by (II), /'(i) is divisible by (x—a)""', but 
not by (x—a)". Thus /(x) and f'(x) have the common factor (x— a)""', 
but not the common factor (x—a)". 

We have now proved the following useful result. 

Theorem. // fix) and f'{x) have a greatest common divisor g{x) 
involving x, a rooi of g(x)=0 of muUipUcity m-1 is a root of /(x) = of 
multiplicity m, and conversely any root off(x) = of muUiplicity m is a root 
of g(x)='Q ofmuUiplidly m—l. 

In view of this theorem, the problem of finding all the multiple roots 
of /(x)=0 and the multiplicity of each multiple root is reduced to the 
problem of finding the roots of g{x) =0 and the multiplicity of each. 
For example, let /{«) =*' -2a:'-4x+8. TheQ 

/'(x)-3x'-tt-4, V(ar)-/'(x)(3i-2)-3J(j-2). 

Since a— 2 18 a factor of /(x), it may be taken to be the greatest common divisor of /(x) 
and/'(z), the choice of the constant factor e in c(x— 2) being here immaterial. Henoe 
2 is a double root of /(x) —0, while the remaining root —2 is a simple root. 



1. Prove that a:'-7i'+153;-9=0 haa a double root, 

2. Show that s'-8i' + 16-0 has two double roots. 

3. Prove that a:*-6i'-83:-3 = has a triple root. 

4. Test x'-Sx'-i-22x'-2ix-i-9 = Q tor multii)le roots. 

5. Test 2'-ar'+lIi-6-0 for multiple roots. 

6. Test a;*-9x'+ei'+81a;-162=0 tor multiple roots. 

69. Ordinary and Inflexion Tangents. The equation of the straight 
line through the point (a, (3) with the slope s la y—fi = s{x—a). The slope 
of the tangent to the graph of y=f(z) at the point (a, ff) on it is s-/'(o:) 
by g 56. Also, fi=f{a). Hence the equation of the tangent is 
(12) y=f(^)+f'(a){x-a). 

By subtracting the members of this equation from the corresponding 
members of equation (9), we see that the abscissas x of the points of inter- 
section of the graph of y =f(x) with its tangent satisfy the equation 

(■"fa'li^— ^+ f"'(a)—~^~ 4- I fi»-ii/ \(^~°)" 



Here the term containing /*"-"(a) must evidently be suppressed if m=2, 
since the term containing/*"'(a) then coincides with the first term. 

If a is a root of multiplicity m of this equation, i.e,, if the left member 
is divisible by (x— tr)", but not by (a:— «)"+', the point (a, 0) is counted 
as m coincident points of intersection of the curve with its tangent {just 
as in the case of y=3? and its tangent y=Oin §57). This will be the case 
if and only if 

(13) rW = 0. f"'{c)=0, ..., /'-"(a)=0. r^(a)^0, 
in which m>l and, as explained above, only the final relation /"(a)^0 
is retained if m = 2. If m=3, the conditions are /"(a) =0,/<«(a)?^0. 

For example, H f(x)-x* tmd q-0, then /"(O) -/'" (0)-0, /<*'{0)-24p*0, ao that 
m— 4. The graph of yx' is a (/-shaped curve, whose intersection with the tangent 
(the x-bjub] at (0, 0) is counted as four coincident points of int«n«ction. 

Given f{x) and a, we can find, as in the preceding example, the value 
of m for which relations (13) hold. We theu apply the 
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Theobeu. // m is even (m>0), the points of the curve in the vidniiy 
fff ike paint of iangency (a, 0) are aU on the same side of the tangent, which 
is then aiUed an mliiiaiy tangent But if m is odd {m> 1), (he curve crosses 
the tangent at the point of tangeney {a, $) , and this point is called an inflexion 
point, tohile the tangent is called an inflexion tangent 

P'or example, in F^. 15, OX is an inflexion tangent, while the tangent at any point 
except O ia an ordinary tangent. In FigB, 18, 19, 20, the tangents at the points marked 
by croaaea are ordinary tangents, but the tangent at the point midway between them 
and on the ^«xiB is an inflexion tangent. 

To simplify the proof, we first take as new ax^e lines parallel to the 
old axes and intersecting at (a, j3). In other words, we set x—a = X, 
y—0=Y, where X, Y are the coordinates of (_x, y) referred to the new 
axes. Since 0'=f{a), the tangent (12) becomes Y=f'{a)X, while, by (9), 

y^f(x)=P+f'{a) (x—a)+ . . . becomes 

(14) r./'(o)x+r(»)^+ . . . -fMx+i<«{a)^+ . . . , 

after omitting terms which are zero by (13). 

To simplify further the algebraic work, 
we pass to oblique axes,^ the new y-aiaa 
coinciding with the K-axis, while the new 
ji^xis is the tangent, the angle between 
which and the X-axis is designated l^ 8. 
Then 

tan fl =/(«). 
By Kg. 17, 

X-xcosJ, Y-y=ria)X. 

Hence when expressed in termg of the 
new coordinates x, y, the tangent is y—0, while the equation (14) of the 
curve bec<mies 
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I/ = caf+<ie-+'-|-.. 
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For X fiufficiently small numerically, whether positive or negative, 
the sum of the terms after ex" is insignificant in comparison with ex", 

■ Since the earlier x, y 6o not occur in (14) and the n«w equation of the tangent, 
we shall deaignatA the final coordinates by x, j/ without oonfunon. 
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80 that If has the same sign as ex** (§ 64). Hence, if m is eveo, the pointfi 
of the curve in the vicinity of the origin and on both sides of it are all 
on the same side of the x-axis, i.e., the tangent. But, ilmis odd, the points 
with small positive abscissas x lie on one side of the x-axis and those with 
numerically small negative abscissas he on the opposite side. 

Our transformations of coordinates changed the equations of the 
curve and of its tangent, but did not change the curve itself and its tangent 
Hence our theorem is proved. 

By our theorem, a is the abscissa of an inflexion point of the graph 
of y=f(x) if and-only if conditions (13) hold with m odd {m>l). These 
conditions include neither /(a)=0 nor f(a)~0, in contrast with (10). 
In the theory of equations we are primarily interested in the abscissas 
a of only those points of inflexion whose inflexion tangents are horizontal, 
and are interested in them, because we must exclude such roots a of 
f(x) =0 when seeking the abscissas o£ bend points, which are the important 
points for our purposes. A point on the graph at which the tangent is 
both horizontal and an ordinary tangent is a bend point by the definition 
in § 55. Hence if we apply our theorem to the special case f(a) = 0, 
we obtain the following 

Chitebign. Any root a of /'{xy^O is the abscissa of a bend point of 
the graph of y =f{x) or of a point mtk a horizontal inflexion tangemt according 
as the value of m for whitA relations (13) hold is even or odd. 

For example, il f(x)—x\ then a-^0 and m— 4, bo that (0, 0) ia a bend point of the 
[/-shaped graph of v-i*. li f{x)=x', thena = Oand m = 3, n> that (0, 0) is a point 
with a horizontal inflexion tangent (OX in Fig. 15) of the graph of y-i". 

EXERCISES 

1. If Six) -.lr»+5x*+4, the only real root of fix) =0 is *-0. Show that (0, 4) 
is an inflexion point, and thua that there ia no bend point and henoe that/(z) •■0 has a 
single real root. 

2. Prove that z*— 3x'+3x+e— has an inflexion point, but no bend point. 

3. Show that «•— Ids'— 20a:'— 15i+c—0 has two bend points and no hori*ont«I 
inflexion tangents. 

4. Prove that 3z*— 40x*+240z+c>-0 has uo bend point, but has two horizontal 
inflexion tangents. 

6. Prove that any function x*— Sox'-)- ... of the tlurd d^ree can be written in 
the fonn/(i) — (x— a)'+i«;+6. The straight line having the equation y—oz+b meets 
the graph of y ■=/(x) in three coincident points with the abeciasa a and hence is an 
inflexion tangent. If we take new axes of coordinates parallel to the old and inter- 
secting at the new origin (a, 0), i.e., if we moke the transformation x^X+a, y—Y, 
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ct coordiiutea, we see that the equation /(z)— becomes a leduced cubic equation 

X'+pX+q-0[i42). 

6. Find the inflexion tangent to y^x'+6x'—3x+l and transfomi i'+6a;'-3x 
+1~0 into a reduced cubic equation. 

60. Real Roots of a Real Cubic Equation. It suffices to consider 

/(a;)=a^-3Ix+« (ij^O), 

in view of Ex. 5 above. Then /-S (x^-O- /"=to- U i<0, there is 
no bend point and the cubic equation f(x) =0 has a single real root. 

If l>0, there are two bend points 

(VX q-2lVf), (-VT, q+2lVl), 
which are shown by crosses in Figs. 18-20 for the graph of y^fir) in the 
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three possible cases specified by the inequalities shown below the figures. 
For a large positive x, the term a^ in f(x) predominates, so that the graph 
contains a point high up in the first quad- 
rant, thence extends downward to the 
right-hand bend point, then ascends to 
the left'hand bend point, and finally de- 
scends. As a check, the graph contains 
a point far down in the third quadrant, 
since for x negative, but sufficiently large 
numerically, the term s^ predominates and the sign of y is negative. 

If the equality sign holds in Fig. 18 or Fig. 19, a necessary and sufficient 
condition for which is 9^=4P, one of the bend points is on the i-axis, and 
the cubic equation has a double root. The inequalities in Fig. 20 hold 
if and only if y'<4P, which imphes that l>0. Hence x*— 3fe+5=0 
has three distinct real roots if and only if q^<.4P, a single real root if and 
ohlyif([^>4P, adovhkrool (neceaaarily real) if and only if q'=4P and It^O, 
and a triple root if q'=4P =0. 



-BI/r-g-Bl/T 



Find the bend points, sketch the gmpb, and find the number of real roots of 

1. a:'+2i-4-0. 2. i'-72+7=0, 

3. i'-2i-l-0. 4. i'+ftF"-3i+l-0. 

5. Prove that the inflexion point of y^x'—^lx+q is (0, g). 

6. Show that the theorem in the text ia equivalent to that in { 4S. 

7. Prove that, it m and n are positive odd integers and m>n, T"+iM^+g = has 
no bend point and hence has a single real root if p>0; but, if p<0, it has just two 
bend points which are on the same side or oppaBit« tddeo of the x-itxis according as 



is positive or negative, so that the number of real roots ia 1 or 3 in the respective cases. 

8. Draw the graph of y—x'—x'. By finding its intersections with the hney^mx+b, 
solve ^—x*—mx—b=0. 

9. Prove that, if p and q are positive, x^—px+q^O has four distinct real roots, 
two pairs of equal roots, or no real root, accordii^ as 

©"-(;5-J"'>». -»■ " <»■ 

10. Prove that no straight line crosses the graph of y—f(x) in more than n points if 
the degree n of the real polynomial /(z) exceeds unity. [Apply { 16.] This fact serves 
as a check on the accuracy of a graph. 

61. Definitioii of Continuity of a Polynomial. Hitherto we have 
located certain points of the graph of y=f(.x), where f(x) is a polynomial 
in X with real coefficients, and taken the liberty to join them by a con- 
tinuouB curve. 

A polynomial f(x) with real coefficients shall be called amiinuous at 
x=a, where a is a real constant, if the difference 

D=f{a+h)-f{a) 
is numerically less than any assigned positive number p for all real values 
of k sufficiently small numerically. 

62. Any Polynomial f(x) with real Coefficients is continuous at x = a, 
where a is any real Constant Taylor's formula (S) gives 

Z,.na)»+^W...+j^„... 

This polynomial is a special case of 

F=aih+a2k^+ . . . +aji\ 
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We shall prove that, if ai, . . . , a„ are alt real, F is numerically less thar 
any assigned positive number p for all real v(Uue3 of h sufficiently smal; 
numerically. Denote by g the greatest numerical value of ai, . . . , d,. 
If A is numerically less than k, where ft; <1, we see that F is numerically 
less than 

g(k+k^+ . . . +k')<g^ 



iik< 



p+g' 

Hence a real polynomial f(x) is continuous at every real value of x. But 
the function tan x is not continuous at x =90° (§63). 

63. Root between a and b if /(a) and f(b) have opposite Signs. If 
the coefficients of a polynomial f{x) are real and if a and b are real numbers 
such that f{a) and f{b) have opposite ^ns, the equation f{x) =0 has at least 
one real root between a and b; in fact, an odd number <4 such roots, if an 
mrfold root ia counted as m roots. 

The only argument ' given here (other than that in Ex. 5 below) ie 
one based upon geometrical intuition. We are stating that, if the pnints 

(o, fia)), (b, fm 
lie on opposite sides of the x-axis, the graph of y =/(x) crosses the x-axis 
once, or an odd number of times, between the vertical lines through 
these two points. Indeed, the part of the graph be- 
tween these verticals is a continuous curve having one 
and only one pnint on each intermediate vertical line, 
since the function has a single value for each value 
of X. 

This would not follow for the graph of !/^=x, which 
is a parabola with the x-axis as its axis. It may not 
cross the x-axis between the two initial vertical lines, 
but cross at a point to the left of each. 

A like theorem does not hold for /(x) =tan x, when 
X is measured in radians and Q<a<ir/2<b<T, since 
tan X is not continuous at x=v/2. When t increases 
from a to t/2, tan z increases without limit. When 
X decreases from b to t/2, tan x decreases without 
limit. There Is no root between a and b of tan x^^O. 
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' An arithmetical proof baaed upon a refined theory of irrational numbers if 
in Weber's Ukrbuek iter Atg^ra. od. 2, vol. 1, p. 123. 



1. Prove that Sx*— 4a;'— l&e+ft-O has a root between and 1, one between 1 and 
2, and one between —2 and —1. 

2. Prove that lSx'-24z>+I6z-3=0 has a triple root between and 1, and a 
simple root between —2 and —1. 

3. Prove that if a<b<e ...<!, and a, ^, . . . , X are positive, these quantities 
bong all real, 

-=-+-5^+^+...+^+<-o 

x—a x—b x—c x—l 

has a real root between a and b, one between b and e, . . . . one between k and t, and 
if 1 if) negative one greater than I, but if ( is positive one less than a. 

4. Verify that the equation in Ex. 3 has no imaginaiy root by substituting r+ti 
and r — n in turn for z, and subtracting the results. 

5. Admitting that an equation f(x) ^z"+ . ■ . =0 with real coefHcienta has n roots, 
show algebraically that there is a real root between a and b if /(a) and/((i} have opposite 
signs. Not« tiiat a pair of conjugate imaginaiy roots c±dt are the roots of 

{x~c)'+d'~0 

and that this quadratic function is pomtive if a; is real. Hence it Xi, . . . , Xr are the 
real roots and 

i.ix)«(x-xO...(x-Xr), 

then ^(a) and «(b) have opposite signs. Thus a— zi and b—n have opposite signs for 
at least one real root xi, (Lagrange.) 

64. Sign of a PolynomiaL Given a polynomial 

/{3r)=aox"+aii"-'+ . . . +0, ((io?^0) 

with real coefficients, we can find a positive number P such that /(x) has 
t^e same s^n as oo^ when x>P. In fact, 

/(.) .i"(o«+*), *-^+3+ • ■ • +p- 

By the result in § 62, the numerical value of is leBs than that of Oq 
when 1/x is positive and less than a sufficiently small positive number, 
say 1/P, and hence when x>P. Then ac+^ has the same sign as Oq, 
and hence f{x) the same sign as ooz". 

The last result holds also when x is a negative number sufficiently large 
numerically. For, if we set x=—X, the former case shows that f{—X) 
has the same sign as (— l)"aoX" when X is a sufficiently large poaitive 
number. 
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We shall therefore say briefly that, for x— +«, /(x) has the same 
ogn as do; while, for 2 = — x , /(x) has the same sign as do if n is even, 
but the sign opposite to oo if n is odd. 



1. Prove tiuits'+(ur*+&i!—4-0hafl a positive real root [use z—0 and x— + °o]. 

2. Prove that z'+a£*+bz+4=0 has a negative real root lusez—O and z» — <«|. 

3. Prove that if ao>0 and n IB odd, aox"+ ■ . . +()it~0 has a real root of sign opposite 
to the sign of On [uae i - — oo , 0, + =0 1- 

4. Provethatz'+oi'+in'+cr— 4—0 has a positive and a negative root. 

5. Show that any equation of even degree n in which the <!oefficieiit of ^ and the 
oonstant term are of opposite signs has a positive and a negative root. 

66. Rolle's Theorem. Between boo amsecutiverealTOOla a and h off{z) 
=0, there is an odd number of real roots off'{x) =0, a root of multiplicity m 
being counted aa m roots. 

Let 

/(x) = (x-fl)'(x-6)'(3Cx), a<b, 

where Q(x) is a polynomial divisible by neither x—a nor x—b. Then 
by the rule for the derivative of a product (§ 56, Ex. 10), 

(x-a)(x-hlf(x) , , . , , . , , ,, ,,Q'{x) 
}(») ^ r{x-b)+s(x~a)+(x~a)ix-b)^^. 

The second member has the value r(a—b)<0 for x=a and the value 
s(ti— a)>0 for x=b, and hence vanishes an odd number of times between 
a and 6 (§63). But, in the left member, (x—a) (x—b) and/(x) remain 
of constant sign between a and b, since /(x)=0 has no root between a 
and b. Hence f{x) vanishes an odd number of times. 

CoROULART. Between txvo consedive real roots a and 8 of f(x) = 
there occurs at most ojie real root off{x) =0. 

For, if there were two such real roots a and 6 of /(x)=0, the theorem 
shows that/'(x) =0 would have a real root between a and b and hence be- 
tween a and j3, contrary to hypothesis. 

Applying also g 63 we obtain the 

Critebion. If a and are consecutive real roots off'(x)=0, thenf(x) —0 
has a single real root between a and if f(a) and f(fi) have opposite signs, 
but no root if they have like s^n«. At most one real root off{x) = ts greater 
Ihan the ffreatesl real root off'(x) =0, and at most one real root of f{x) =sO m 
leas than the least retd root of f{x) =0, 



If /(a) =0 for our root a of /'(«) =0, a is a multiple root of /(x) =0 
and it would be removed before the criterion is applied. 

EXAMPIA. For/(a;)=aB'-25x'+6ar-20, 

■A/'(i)-3r*-6a'+4-(3t'-l) {*'-4). 
Hence tbe nmU of /"(x) -0 are ±1, ±2. Now 

/(_oo)--QO, /(-2)--36. /(-l)--58, /(D-IS, /(2)— 4, /(+»)-+«. 
Hmce then is a single real root in each of tbe intervab 

(-1, 1), (1, 2), (2,+<»), 
and two imagiimry roota. The three real roots are poaitive. 



1. IVove that x*— 6x+2— has 1 negative, 2 poeitive and 2 imaginary roots. 

2. Prove that x*+z— l^'Ohas 1 negative, 1 positive and 4 imaginary roots. 

3. Show that x*— 3x*+2x*— 5~0 has two imaginary roots, and a real root in each 
of the intervals (-2, -1.5), (-15, -1), (1,2). 

4. Prove that 4«'-ai;'-2r'+4E-10-'0 has a single real root. 

5. Show that, if /'*'(x) —0 has imaginary roots, /(x) =0 has imaginary roots. 

6. Derive BoUe's theo'em from the fact that there is an odd number of bend points 
between a and b, the abscissa of each being a root of /'(x) -0 of odd multiplicity, while 
the sbeciaaa of an inflexion point with a hoiiiontal tangoit is a root off(,x) —0 of evoi 



CHAPTER VI 
Isolation op the Rbal Roots of a Real Equation 

66. Purpose and Metiiods of Isolating Hie Real Roots. In the next 
chapter we shall explain processes of computing the real roots of a given 
real equation to any assigned number of decimal places. Each such 
method requires some preliminary information concerning the root to 
be computed. For example, it would be sufficient to know that the root 
is between 4 and 5, provided there be no other root between the same 
hmits. But in the contrary case, narrower limits are necessary, such 
as 4 and 4.3, with the further fact that only one root is between these new 
limits. Then that root is said to be isolated. 

If an equation has a, single positive root sjid a, aingle negative root, the real roots 
are isolated, since tbere is a single root between — oo and 0, and a single one between 
and H~ '^ ■ However, for the practical puqiose of their computation, we siiall need 
narrower hmits, sufficient to fix tbe first significant figure of eacb root, for example 
-40 and -30, or 20 and 30. 

We may isolate the real roots of f(x) = by means of the graph of 
y=fix). But to obtain a reliable graph, we saw in Chapter V that we 
must employ the bend points, whose abscissas occur among the roots 
f(x)=0. Since the latter equation is of degree n— 1 when f(x) = is of 
degree n, this method is usually Impracticable when n exceeds 3. The 
method based on Rolle's theorem (§ 65) is open to the same objection. 

The most effective method ia that due to Sturm (| 68). We shall, 
however, begin with Descartes' rule of signs since it is so easily applied. 
Unfortunately it rarely tells us the exact number of real roots. 

67. Descartes' Rule of S^os. Two consecutive terms of a real poly- 
nomial or equation are said to present a variation of sign if their coefficients 
have unlike s^s. By the variations of sign of a real polynomial or equa- 
tion we mean all the variations presented by consecutive terms. 

Thus, in 3^— 2z'— 4x*+3=0, the first two terms present a variation of sign, and 
likewise the last two t«rma. The number of variations of sign of the equation is two. 



72 ISOLATION OF SEAL BOOTS [Ch. VI 

Descabtes' Rule. The number of positive real roota qf an equation 
vnih real coefficients is either equal to the number of its ixuiationa -of sign 
or it less than that number by a pogiitM even integer. A root of multiplicity 
m is here counted aa m roots. 

For eirample, x*—3x'+x+l "O baa either twoior no poeitire roots, the exact number 
not being found. But 3z*— z— 1<«0 hu exactly one positive root, which is a sintple 
root. 

DeBcartes' rule will be derived in § 73 as a corollary to Budan's theorem. 
The following elementary proof was communicated to the author l^ 
Professor D. R. Curtiss. 

Consider any real polynomial 

/(«)=oox-+aix-'+ . . . +0,1-* {ao^O, a,^0). 

Ijet r be a positive real number. By actual multiplication, 

F{x)mix-r)fix)BAo3f>-'+Ai;^+ . . . +A,+.»-», 
where 

Ao^ao, Ai^ai — roo, A2=a2—rai,..., Ai=c^—ra,^i, Aj+i = — roi. 
In /(z) let Ot, be the first non-vanishing coefficient of different sign from 
do, let at, be the first non-vanishing coefficient following a^, and of the 
same sign as oq, etc., the last such term, ot,, being either oj or of the same 
sign as (I^ Evidently v is the number of variations of sign of /(x). 

For example, if /(«) ••2i'-|-1f'— te*-6it'+-7x, we have ii-2, ati "Oi- -4, afc"0»-7. 
Not« that a« — unce x' is abs^t. 

The numbers Ao, Xt,, . . . , At^ At+i are all different from zero and 
have the same signs as oo, Oti, • > ■ , at,, — Ot, respectively. This is 
obviously true for Ao=ao and A,+i=—rat. Next, At, \a the sum of the 
DOn-vanishing number Ot, and the number — rot,.!, which is either zero 
or else of the same sign as at, since a^^i is either zero or of opposite sign 
to atf. Hence the sum Xt, is not zero and has the same sign as at,. 

By hypothesis, each of the numbers ao, a^i, . . . , a*, after ^e first 
is of opposite sign to its predecessor, while — Oi is of opposite sign to Ot^ 
Hence each term after the first in the sequence Ao, Ai^, . . . , At,, A,+i 
is of opposite sign to its predecessor. Thus these terms present v+1 
variations of sign. We conclude that Fix) has at least one more vari- 
ation of sign than f(x). But we may go fiuther and prove the following 

1 The proofs given in college algebras are mere verifications of special caaea. 
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ijZUUA. The number of variations of sign of F{x) is equal to that <tf 
f{x) increased by some positive odd integer. 

For, the sequence Aq, Ai, . . . , Aj, has an odd number of variations 
of sign since its first and last terms are of opposite sign; and similarly 
for the V sequences 

"■*ii "*i+ii ■ ■ ■ J ■"■*!; 



^tv At,^■\, . ■ ■ , j1j+ 



The total nimiber of variations of b^ of the entire sequence Ao, Ai, . . . , 
Aj^-i is evidently the sum of the nimibers of variations of sign for the 
v+1 partial sequences indicated above, and is thus the sum of ii+l posi- 
tive odd integers. Since each such odd integer may be expressed as 1 
plus or a positive even integer, the simi mentioned is equal to w+1 plus 
or a positive even integer, i.e., to v plus a positive odd integer. 

To prove Descartes' rule of signs, consider first the case in which /(i) = 
has no positive real roots, i.e., no real root between and +oo. Then 
/(O) and /(oo) are of the same s^n (§ 63), and hence the first and last 
coefficients of f{x) are of the same sign.* Thus /(x) has either no vari- 
ations of sign or an even number of them, as Descartes' rule requires. 

Next, let/(a;)=0 have the positive real roots ri, . . , , r^ and no others. 
A root of multiplicity m occurs here m times, so that the r's need not be 
distinct. Then 

/(«) = Cx-ri) . . . (x-r,)*{i), 

where ^(x) ia a polynomial with real coefficients such that ^(x) = has 
no positive real roots. We saw in the preceding paragraph that *(x) 
has either no variations of sign or an even number of them. By the 
Lemma, the product (x— ri)^(x) has as the number of its variations of 
sign the nimiber for ^(x) increased by a positive odd integer. Similarly 
when we introduce each new factor x— n. Hence the number of varia- 
tions of s^ of the final product f{x) is equal to that of ^{x) increased 
by k positive odd integers, i,e,, by k plus or a positive even integer. 
Since ^(x) has either no variations of sign or an even number of them, 
the number of variations of sign of fix) is k plus or a positive even integer, 
a result equivalent to our statement of Descartes' rule. 

> In case /(x) has a factor a;""', we use the polynomial /(i)/3p""' instead ot fix) in 
this arsumeDt- 
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If — p is a negative root of /(i) = 0, then p is a positive root of /{— x) =0. 
Hence we obtain the 

CoROLLART. The number of negative roots of /(x) = is either equal 
to the number of variations of sign of fi—x) or is less than that number 
by a positive even integer. 

For example, i'+3z'+a;— l—O has a Hingle negative root, which is a simple root, 
(dnces*— 3a;'— x— 1=0 has a single positive root. 

As indicated in Exs. 10, 1 1 below, Descartes' rule may be used to isolate 
the roots. 



Prove by DescarUe' rule the fttatementii in Exs. 1-S, 12, 15. 

1. An equation all of whose coefficients are of like sign has no positive root. Why 

is this self-evident? 

2. There is no negative root of an equation, like z*— 2r'— 3j:'+7j:— 5— 0, in which 
the coefficients of the odd powers of x are of like sign, and the coefficients of the even 
powers (including the constant term) are of the opposite sign. Verify by taking x= — p, 
where p is positive. 

3. x'+a'x+b' = has two imapnary roots if 6^0, 

4. Forneveni^E"— 1—0 has only two real root«. 
6. For n odd, *" — 1— has only one real root. 

6. For neven, x'+l—O hasno real root; for n odd, only one. 

7. i:'-H2«*+5s—9 = 0hagiuBt two imapnary roots. 

8. x'+a'x'+b^x — c* •'O (c^O) has just two imaginary roots. 

9. Descartes' rule enables us to find the exact number of positive roots only when 
all the coefficients are of like sign or when 

/(l)-i"+ptl""^-|- . . . -|-p,_^~p,_,+i*'-'- . . , -pn-0, 

eacb PI being ^0. Without using that rule, show that the latter equation has one 
and only one positive root r. Hints: There is a positive root r by §63 (o = 0, 5- oo). 
Denot« by P{x) the quotient of the sum of the positive terms by x', and by ~N(.x) 
that of the negative t«rms. Then ffl,x) is a sum of powers of \/x with positive coef- 
ficients. 

If x>r. P{x)>Plr), N{z)<Nir). /(i)>0; 
If x<T, P(.x)<P(r), N(x)>mr). Kx)<Q. 

10. Prove that we obtain an upper limit to the number of real roots of /(x)— 
between a and b, if we set 



a+fty / . 



* i+V 
multiply by (l+tf)", and apply Descartes' rule to the resulting equation ii 
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11. Show by the method of Ex, 10 that there is a single lOot between 2 and 4 of 

i»+x'-17i+15-0. Here we have 27!/'+3g'-23v-7=0. 

12. In the Etstronomical problem of three bodies occurs the equation 

r'+(3-M)H+(3-2,i)r'-^'-2Mr-,.-0, 

where 0<(i<l. Why is there a single positive real root? 

13. Prove that I'+i'— i'+2i— 3=0 has four imaginary roots by applying Dea- 
cartea' rule to the equation in y whose roots are the squares of the roots of the former. 
Transpose the odd powers, square each new member, and replace r' by y. 

14. As in Ex. 13 prove that i*+j'+8j:+6=0 has imagiDary roots. 

15. If a real equation /(x) -^O of d^ree n has n real roots, the number of positive 
roots is exactly equal to the number V of variations of sign. Hint: consider also 
fi-x). 

16. Show that x*— 3^+2x+l —0 has no positive toot. Hint: multiply by z+1. 

(^ 68. Sturm's M etiiod. Let/(x) = be an equatioa with real coefRcients, 
aia/'vt) the first derivative of f{x). The first step of the usual process 
of finding the greatest commoD divisor of f(x) and fix), if it exists, con- 
sists in dividing / by /' until we obtain a remainder r(x), whose degree 
is less than that of /', Then, if ^i is the quotient, we have f=qif+r. 
Instead of dividing /' by r, as in the greatest common divisor process, and 
proceeding further in that manner, we write /2 = — r, divide f by /a, and 
denote by /a the remainder with it8_sign changgd. Thus 



f=<l\f'-h, T = <&Sz~h, h^li 



The latter equations, in which each remainder is exhibited as the nega- 
tive of a polynomial /i, yield a modified process, just as effective as the 
usual process, of finding the greatest common divisor Q of f{x) and f{x) if 
itexiste. 

Suppose that — /» is the first constant remainder. If /i=0, then/3 = G, 
since /s divides /a and hence also f and / (as shown by using our above 
equations in reverse order); while, conversely, any common divisor of 
/ and /' divides fn and hence also /a. 

But if /4 is a constant p^O, / and /' have no common divisor involving 
I. This case arises if and only if /(a:)=0 has no multiple ropt_(§ 58), 
and is the only case considered in §§ 69-71. 

Before stating Sturm's theorem in general, we shall state it for a 
numerical case and illustrate its use. 
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(gxAiDjji. /Ca;)=i'+ti'-7. Thenf-S^'+Si, 

r-ciJ^+AfiiV)/.-/.. /.-HH-.-^ 

For > *"•!, the mgna ot /, /', /,, /,, are - + + +, showing a single variation of 
consecutive signs. For x-2, the signs are + + + +, showing no variation of sign. 
Sturm's theorem states th&t there is a singU real toot between 1 and 2. For z-^ — oo, 
the signs are — h — +, showing 3 variations of sign. The theorem statea that there 
itre3— 1—2 real roots between — oo andl. Similarly, 



X 


.f!^<, 


Variations 


- 1 

-2 

-3 
-4 


— + + 
+■ - - + 

1+1+ - + 

,d+- + 


1 
2 
2 
3 



Hence tliere ia a Nngle real root between —2 and —1, and a single one between —4 
and —3. Each real root has now been iioiaUd since we have found two numbeot 
such that a single real root lie« betveen these two numbers or is equal to one of them. 

Some of the preceding computation was unnecessary. After isolating a root between 
—2 and —1, we know that the remaining root is isolated between —f and ~2. But 
before we can compute it by Homer's nethod, we need closer limits for it. For that 

/ purpose it is unnecessary to find the S4pis of all four functions, but merely the sign 

Uf/{!63). 

69. Stunn's Theorem. Let f{x) = Obe an equation with real coegicierUa 
and wiihout muUt'ple roots. Modify 'he usual "process of seeking the great- 
est common divisor of f{x) and its fast derivative ^ fi(x) by ethibiting each 
remainder as the negative of a polynomial ft: 

^(1) t-qih-h, h-<ish-S>. h-q>h-f>, ■ ■ ■ , /.-»-s.-./.-i-/., 

where^ /, is a constatU^O. If a and b nr^ real numbers, a<&, neither 

' Before going further, check that the preceding relations hold when x — 1 by inaert- 
ing the computed values of/,/*,/] for z — l. Elxperience shows that most students make 
some error in finding/,, /■,..., so that checking is essential. 

* The notation /i instead of the usual /', and similarly /o instead of f, ia used to r^- 
ularize the notation of all the fs, and enables us to write any one of the equations (1) 
in the single notation (3). 

* If the division process did not yield ultimately a constant remainder ^0, / and f> 
would have a common factor involving x, and hence /(x) —0 a multiple root. 
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a root of fix) = 0, the number of real roots of f{x) =0 b^ween a and bia equal 
to the excess of the number of vartationa of sign <^ 

(2) /W, /iW, /*) /.-iW, /. 

for x~a over the number of ixmationa <^ sign for x=b. Terms which tarnish 
are to be dropped out h^ore counting the variations of sign. 

For brevity, let F> denote the number of variations of sign of the 
numbers (2) when x is a particul&r real number not a root of /(x) - 0. 

First, if XI and xz are real numbers such that no one of the continuous 
functions (2) vanishes for a value of x between xi and Xa or for x=x\ or 
x = X3, the values of any one of these functions for x=Xi and x=Xa are 
both positive or both negative (§ 63), and therefore F^ = V^^. 

Second, let p be a root of /((x)=0, where l£i<n. Then 

(3) /,-.Cx) = 9,/<(x)-/,^.,fx) 

and the equations (1) following this one show that/,_i(j) and //x) have 
no common divisor involving x (since it would divide the constant /J. 
By hypothesis, /,(x) has the factor x—p. Hence /i_i(x> does not have 
this factor x—p. Thus, by (3), 

/.-i(p)--/m(p)HO. 

Hence, if p is a sufficiently small positive number, the values of 

/.-.w, /.w, /.+.(») 

for I— p— p show just one variation of sign, since the first and third 
values are of opposite sign, and for x=p+p show just one variation of 
sign, and therefore show no change in the number of variations of sign 
for the two values of x. 

It follows from the first and second cases that V^^Vf^a uid are 
real numbers for neither of which any one of the functions (2) vanishes 
and such that no root of /(x) = lies between a and 0. 

Third, let r be a root of /(x) =0. By Taylor's theorem (8) of § 56, 

/Cr-p).-p/'(r)+ipY"«-..., 

/(r+p)= Rf'(r)+ip^rW+-.. . 
n p is a sufficiently small positive number, each of these polynomials in 
p has the same sign as its first term. For, after removing the factor p, 
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we obtain a quotient of the form do+s, where s = aip+02p^+ ... is 
numerically less than do for all values of p eufficiently small (§ 62). Hence 
if f'(r) is positive, f{T—p) is negative and f(r+p) is positive, so that the 

terms f{x), fi.{x)=f'{x) have the signs f- for x = r—p and the signs 

+ + for x = r+p. If /'(r) is negative, these signs are + — and 

respectively. In each case, /(x), fi(x) show one more variation of s^ 
for x=r—p than for x = r+p. Evidently p may be chosen so small that 
nooneof thefunctions/i{i), . . . ,/„ vanishes for either a;=r—p orx=r+p, 
and such that fi(x) does not vanish for a value of x between r~p and 
r+p, so that/(i)=0 has the single realroot r between these limits (§65). 
Hence by the first and second eases, fi,...,fn show the same number 
of variations of sign for x^r—p as for x=r+p. Thus, for the entire 
series of functions (2), we have 
(4) F,_,-T-,t,-l. 

The real roots of/(x) = within the main interval from o to 6 {i.e., the 
aggregate of numbers between a and b) separate it into intervals. By 
the earlier result, Vi has the same value for all numbers in the same 
interval. By the present result (4), the value of V, in any interval exceeds 
the value for the next interval by unity. Hence Va exceeds F» by the 
number of real roots between a and b. 

Corollary. If a<6, then Voi F4. 

A violation of this Corollary usually indicates an error in the com- 
putation of Sturm's functions (2). 



laoUte by Stunn's tbeorem the real roots of 

1. i'+2*+20-0. 2. i'+i-3-0. 

7p/ Simplifications of Sturm's Functions. In order to avoid fractions, 
we may first multiply /(x) by a positive constant before dividing it by 
fi(x), and similariy multiply /i by a positive constant before dividii^ it 
by /a, etc. Moreover, we may remove from any /( any factor k, which is 
either a positive constant or a polynomial in x positive for' a^xS.h, 
and use tiie remaining factor F, as the next divisor. 

To prove that Sturm's theorem remains true when these modified 

> Usually we would require that kt be positive for all values of x, since we usually 
wish to employ the limits — so and + <*> . 
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functions/, Fi, . . . , F^^ are employed in place of fuuctiooB (2), consider 
the equations replacing (1) : 

fi = kiFi, CiS=qiFi-k^2, c^Fi^q^z-kzFz, 

CiF2 = g3F3-hFi, ■ ■ ., cJi'«_a=««_if„_,-fc»F„, 
in which ca, cs, ... are positive constants and F. is a constant ?*0. A 
common divisor (involving x) of Ft-i and F, would divide ^"(-31 ■ ■ ■ , 
fa. fit fi fu whereas f{x) =0 has no multiple roots. Hence if p is a root 
of F,(x) -0, then f,_,(p) 7^0 and 

Thus Ff.i and F,+i have opposite signs for x^p. We proceed as in §69. 

Example 1, If /(i)=i*+6i— 10, /i— 3{i'+2) is always positive. ' Hence we may 
employ / and ^1 = 1, For 1= — « , there is ooe variation of sign; for 1 — + 00, no 
variation. Hence there is a single real root; it lies between 1 and 2. 

Example 2. If /(i)-2i'-13i>-10a-19, we may take 

/,-4*'-13i-5. 

Then 

2f^:^,-ft, /,-iar*+l&r+38=13{j+M)'+H*^- 
Since/] is always positive, we need go no further <we may take Fi = l). For x= — oo, 

the signs are + \-; fori= + «, + + +. Hence there are two real roots. The 

signs for z -^ are \-. Hence one real root is positive and the other negative. 

EXERaSES 

Isolate by Sturm's theorem the real roota of 

1. «»+3i'-2j-5=0. 2. x*+l2x'+Bx-9-0. 

3. x"-7»-7=0. 4. Zx'-ia'+Sx-Z-O. 

5. r'+fte*-3ar'-12i-9-0 [stop with/,1. 

6. »<-&t'+25r>-36r+8-0. 

7. For/=T'+pi+? (p^O), show that/i-3i'+p, /,- -2pi-3a, 

4p'/i--{-6pi+fti)/,-/„ /,- -4p'-275*, 

BO that/i is the discriminant A (S 44). Let [p] denote the sign of p. Then the signs 
of/,/.,/.,/, are 

- + +[p] [4] for3: = -<», 



For A nc^tive there is a wngle real root. For A positive and therefore p negative, 
there are three distinct real roots. For A —0, /1 is a divisor of /i and /, so that x — 
—3a/ (2p) is a double root. 
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S. Pruve that if one of Stunn's functiotu haa p unaginary roots, tiw initial equation 
baa at least p itnaginary nmta. 

9. Hut« Htunn'a tbeorem lo aa to include the poaaibUity of a, or 6, or both a and b 
being roots of fix) - 0. 

71. Stunn's Functioiu for a Qiurtic Equation. For the reduced quar- 
tic equation /(*) « 0, 

(6) - fi = 'b?+2qz+r, 

Let q^O and divide (ffi by /a. The negative of the remainder is 

(6) /3-L?-I2r«-r9=, L = Sqa-2^-9T'. 

Let LpiO. Then /4 is a constant which is zero if and only if /=0 has 
multiple roots, i.e., if its discriminant A is zero. We therefore desire /« 
expressed as a multiple of A. By '{ 50, 

(7) &■ 4i«-27g», p^-4,-^, G=i9«-H-/rf3. 

We may employ P and Q to eliminate 

(8) 4«--P-f, f^—Q-^P--^. 

We divide i=/a by 

(9) /8=I«+3rP, L~9Q+4qP. 

The negative of the remainder ' is 

(10) 18r'gP'~9r'LP+4sL' = ^A. 

The left meml«r is easily reduced to g^A. Insertii^ the values (8) and 
replacing I^ by L(9Q+4gP), we get 

Replacing L by its value (9), we get (pA. Hence we may take 

(11) /4 = i- 

Hence if qLit^O, we may take (5), (9), (11) as Sturm's functions. 

■ Found directly by Um Ramainder Theorem ({ 14) by inawting the not i« —9rP/t. 
ot/.-OintoLVi. 
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Denote the Bign of 9 by [q]. The signs of Sturm's functions are 
+ - -M -m IM for:c=-oo, 
+ + -M m [A] forx=+QO. 

First, let A>0. If 9 ie negative and L is positive, the signs are 

H i h and ++ + ++, so that there are four real roots. In each 

of the remaining three cases for q and L, there are two variations of sign 
in either of the two series and hence there is no real root. 

Next, let A<0. In each of the three cases in which <; and L are not 
both positive, there are three variations of sign in the first series and one 
variation in the second, and hence just two real roots. If q and L are 
both positive, the number of variations is 1 in the first series and 3 in the 
second, so that this case is excluded by the Corollary to Sturm's theorem. 
To give a direct proof, note that, by the value of L in (6), L>0, q>0 
imply ia>if, i.e., «>0, and hence, by (7), P is n^ative, so that each term 
of (10) is iO, whenceA>0. 

Hence, if qLAi^O, there are four distinct real roots if and only if A 
uid L are positive, and <; negative; two distinct real and two imaginary 
roots if and only if A is negative. 

Combining this result with that in Ex. 4 below, we obtain the 

Theorem. // the discriminant A of 2*+g2*+rz+8=0 is negative, there 
are two distiiicl real roots and two imaginary roots; if A>0, q<(>, L>0, 
four disti-nd real roots; if A>0 and either qhOor L^O,no real roots. Here 
L = 8gs-V-9H. 

Our discussion furnished also the series of Sturm functions, which 
may be used in isolating the roots. 



1. If qAf^O, L-0, theii/,-3rP is not »ero (there being no multiple root) ud its 
Hgn is immaiteri&l in determining the number of real roots. Prove that there are just 
two real roots if <i<0, &nd none if 9>0. By (10), q has the same sign as A. 

2. If r4?»0, 9«=0,obtain -/iby Bubstitutingi--4B/{3r) in/i. Show that we may 
take/i— rA and that there are just two real roots if A<0, and no real roots if A>0. 

3. If At'O, g— r— 0, prove that there are just two real roots if A<0, and no real 
loots if A>0. Since A-256a', check by solving «'-f«=0. 

4. If A^O, qL—0, there are just two real roots if A<0, and no real roots if A>0. 
[Combine the results in Em. 1-3.1 

6. Apply the theorem to Exb. 2, 4, 6 of S 70. * 

e. laolatethereslnmtsof Exe. 3, 4, 6of |48. 
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72. Sturm's Theorem for fbs Case of Multiple Rop^ We might 
remove the multiple roots by dividing/(i) by' /,(z), the greatest com- 
mon divisor of fix) and /i =/'(«); but this would involve coosiderable 
work, besides wasting the valuable infoimation in hand. Aj before, we 
8uppose/(o) and f{b) different from zero. We have equations (1) in 
which /h is now not a constant. 

The difference V^— V^isOte number of real roots between a and b. each 
muUiple root being cmmted only once. 

If pisarootof/(Cx) = 0, but not a multiple root of /(a:)=0, then/(_,(p) 
is not zero. For, if it were zero, x—p would by (1) be a common factor 
of / and f\. We may now proceed as in the second case in § 69. 

The third case requires a modified proof only when r is a multiple root. 
Let r be a root of multipUcity m, m>2. Then f{r), f{r), . .. , /*'-"(r) 
are zero and, by Taylor's theorem, 



^'fr+''>- i.2.^(»-ir <'-'+---- 

These have like s^s if p is a positive number so small that the signs of 
the polynomials are those of their first terms. Similarly, f(r—p) and 
f{r—p) have opposite signs. Hence / and /i show one more variation 
of sign for x=r—p than for x = r+p. Now (i— r)""* is a factor of / 
and /i and hence, by (1), of /a, ... , /«. Let their quotients by this 
factor be ^, ^1, ... , *■,. Then equations (1) hold after the/'s are replaced 
by the ip'e. Taking p so small that 0i(i) = O has no root between r— p 
and r+p, we see by the first and second cases in S 69 that ^i, . . . , ^a 
show the same number of variations of sign for x=r—p as for x=r-i-p. 
The same is true for /i, ...,/, since the products of *i, . . . , <f, by 
(i— r)"~' have for a given x the, same signs as ^i . . . , ^^ or the same 
signs as —<t>i, ■ ■ . , -~<l^»- But the latter series evidently shows the 
same number of variations of sign as ^i, . . . , 4>»- Hence (4) is proved 
and consequently the present theorem. 

■ ^e degree of /(x) is not n, nor was it Deceaaahly n in S 69. 



BVDAN'S THEOREM 



1. For/=x*-&i;»+16, prove that Fi=x'-^x, f,=j'-4, Fi=xFt. Hence n-2. 
Verify that V-a =2, V* =0, and that there are just two real roots, each a double 
root. 

Diaciue Bimikrly the following equations. 

2. i'-5i'+9i'-7i+2=0. 3. x'+2x*-3x'-ix+i=0. 4. x^-x'-2x+2-Q. 

73. Sudan's Theorem. Let a and b be real numbers, a<b, neitker^ 
a root qf f{x) = 0, an equation of degree n with feal coefficieTUa. Let F, 
denote the number of variations cf sign of 
(12) fix), fix), f"(x), ..., f^ix) 

far x=a, after vanishiTig terms have been deleted. Then Fg— V» is either 
the numfter of real roots of f{x) = between a and b or exceeds the number 
of those roots by a positive even integer. A root of multiplicity m is here 
counted as m roots. 

For example, if }{x)=x'-1x-1, then f=3x'-7. /"=63;, /"'-6. Their values 
for x=3, 4, —2, —1 are tabulat«d below. 



"^ 


/ f 


r /'" 


Variations 


3 

4 

-2 

-1 


-1 20 
2S 41 
-1 5 
-1 -4 


18 6 

24 6 

-12 6 

-66 


1 

3 

1 



Hence the theorem shows that there is a single real root between 3 and 4, and two 
or no real roots between —2 and —1. The theorem does not tell us the exact number 
of roots between the latter limits. To decide this ambiguity, note that /( —3/2) = +1/8, 
so that there is a single real root between —2 and —1.5, and a single one between 
-1.6 and -1. 

The proof is quite simple if no term of the series (12) vanishes for 
x=a or for x=b and if no two consecutive terms vanish for the same 
value of X between a and b. Indeed, if no one of the terms vanishes for 
xi 1x1x2, then Fj,= Fi„ since any term has the same sign for x=Xi 
as for x = X2. Next, let r be a root off^ix) =0, a<r<b. By hypothesis, 

■ In case a or b is a root of fix) =0, the theorem holds if we count the number of 
root3>a and l6. This inclusive- theorem has been proved, by means of Rolle's 
theorem, by A, Hurwiti, MathemaiUche Annaten, Vol, 71, 1912, p. 584, who extended 
Budan's theorem from the rase of a polynomial to a function /(?) which is real and 
regular for a 1 z <b. 
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the first derivative /"^"(a;) of /**'(x) is not zero for x=r. As in the third 
step (now actually the case t=0) in |69, /"(i) and /"+"(x) show one 
morevariationof sign for i=r—p than fori = r+p, where p is a sufficiently 
small positive number. If t>0, /'" is preceded by a term /<*-'> in (12). 
By hypothesis, f*~'^{x)^0 for x=r and hence has the same sign for 
x^r—p and x=r+p when p is sufficiently small. For these values of 
*> /"(*) lias opposite signs. Hence/**"" and/"* show one more or one less 
variation of sign for x=r—p thanfor x=r+p, aothat /""",/"', /"■•"" show 
two more variations or the same number of variations of sign. 

Next, let no term of the series (12) vanish for i=a or for x=b, but 
let several sucessive terms 

(13) /«>(x), /«+»(»), . . . , /«+^-»(i) 

all vanish for a value r of « between a and b, while f^'*^(r) is not zero, 
but is say positive.' Let 7i be the interval between r—p and r, and 7g 
the interval between r and r+p. Let the positive number p be so small 
that no one of the functions (13) or /<'+J>(i) is zero in these intervals, so 
that the last function remains positive. Hence /<*+'-"(*) increases with 
X (since its derivative is positive) and is therefore negative in h 
and positive in Jj. Thus /<'+'~*'(a:) decreases in h and increases in /a 
and hence is positive in each interval. In this manner we may verify the 
signs in the following table: 

y«) y«+i) ^n+n . , , fu+i-n .ju+j-^y yv+j-i) yo+jj 

h \i-)'{-y-' (~y-' ... - + - + 
/3I+ + + ...+ + + + 

Hence these functions show / variations of sign in /i and none in /a. 

If t>0, the first term of (13) is preceded by a function /<*-"(i) which 
is not zero for i = r, and hence not zero in /i or /a if p is sufficiently small. 
If j is even, the signs of/"-" and/"' are + + or — h in both/i and I3, 
showing no loss in the number of variations of sign. If j is odd, their 
signs are 

h \ +- 

or 

h\ ++ -+ 

BO that there is a loss or gain of a single variation of sign. Hence 

/"-". f", /'"■' /"« . 

' If n^^tive, all signe Id the table below are to be changed; but the conclusion tu>ldB. 
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show a loas of j variations of sign if j is even, and a loss of j± 1 if ^ is odd, 
imd hence always a loss of an even number ^0 of variations of sign. 

If i — 0, /*" */ has r as a j-f old root and the functions in the table show 
j more variations of sign for x=r—p than for x=T+p. 

Thus, when no one ctf the functions (12) vanishes for x=a or for x=b, 
the theorem follows as at the end of J 69 (with unity replaced by the 
multiplicity of a root). 

Finally, let one of the functions (12), other tban/(x) itself, vanish for 
x=a or for x = b. If 5 is a sufficiently small positive number, all of the 
N roots of /(a;) = between a and 6 lie between a+S and b—S, and for 
the latter values no one of the functions (12) is zero. By the above 
proof, 

V^-Va+, = 2j, Vt-,-Vt~2s, 
where (, j, s are integers ^0. Hence Fq— Fb=JV+2((+j+s). 

Descartes' rule of signs (§ 67) is a corollary to Sudan's theorem. Con- 
sider any equation with real coefficients 

/(3;)=aox"+aia:"-'+ . . . +a,_iX+a,-0, 
having 0.^0. For x=0 the functions (12) have the same signs as 

On, a«-i, ■ ■ • I ai> oo- 

Hence Vo is equal to the number V of variations of sign of /(z). 

For x= -\- x , the functions all have the same sign, which is that of cfq- 
Thus Vo—Vfgi = V is either the number of positive roots or exceeds that 
number by a positive even integer. Finally, Descartes' rule holds if 
a.~0, as shown by removing the factors x. 



Isolate by Budan's theorem the real roots of 

1. xf-x*-2x+l-'0. 2. «'+3j;'-2i-5-0. 

3. Prove that if f(a)^0, Va equals the number of real roots >a or exceeds that 
number by an even integer. 

4. Prove that there ia no root greater than a number making each of the functions 
(12) positive, if the leading coefficient ot/{i) is positive. (Newton.) 

5. Hence verify that 2'-4i'-3i+23-0 has no root >4. 

6. Show that i*-tr»+i'+6*+2-0 has no root >3. 



ISOLATION OF REAL ROOTS 



mt D = 6'— 4ac, g has the same ugn 

4<ij-(2a«+5)'-D. 

2. Hence, when the Sturm's function ^(z) of the second degree has a negative 
discriminant, we may replace it by its first coefficient a and discard alt later Sturm's 



3. Show that z'+3gi'+3(p+g')i+c-0 has a single real root if p>0. 

Show that three Sturm's functions suffice to prove that there are exactly two real 
roots of the following equations. 

4. j"+4«'+at«-2i-fi=0. 6, z»-4i'+3a:'-fti-3-0. 
6. z»+4F'+3j*-ar-8 = 0. 7. i'-tE'+3i'-fti-6-0. 
8. 3;*+4x'+3i'-ftr-9=0. 9. i<-4x'+3i'-10i-6-0. 

10. i*+&r'+6i*+&F+l -0, 6 > 4. a. a:*+i«:' + 12i>+26r+4-0, 6' > 32. 

12. :F"+6*'+3ftr'+6te+26-0,6> > 80. 13. a:*-fo'+18i'-32j+12=0. 

14. 2i<-8i»-8i-l-0. 15. a:<-4i'-4i^j=0,j > - i- 

16. 2i<-8i'+ai»-8i+l-0. 17. i*-4«'+3i»-4i-m=0, m >-\. 

18. i*+6j>+i'-£=0, 5 2 2, E£ 1. 19. **+6i'+2i'-E=0, 6 S 3, B g 1. 

20. i*+ai'+3i»-ff =0, £ £ 2. 21. i«+&c'+3i»-fi=0, 6 £ 4, £ g 1. 

23. a:<+4i'+fc>-S-0,fiS2. 23. z'+b*'+4E'-«-0, 6£ 5, £g 1. 

24. i<+4i'+5a:'~£-0,££4. 26. z'+6i'+5i'-B-0, 6£ 6, £g 1; 

6-6, ££2. 

For the following equations show that we may stop with Sturm'a quartie function 
which is the product of two factors like z*+c> c > 0: 



The preceding equations are ideal for Eolution by Homer's Method. 

Solve the following equations by Newton's Method: 

30. *'-30*-110-0. 31. i»-36i-84-0, Ana. 6.9361683. 

32. i'+7at-66-0. 33. «'-6ar-180-0, .^n#. 8.9604582. 

34. a;'+63i-84-0. 35. i'+84i-84-0, Ana. 0.9886012. 

36. 3:*-&i;'+22x-30 = 0. 37. i'+i'+3Or-50-O. 

38. a:*-lftr'+40«-16-.0. 39. i»-:e>+44i+26-0. 



CHAPTER VII 

SoLtmoN OF Ndherical Eqdations 

74. Home's Method.' After we have isolated a real root of a real 
equation by one of the methods in Chapter VI, we can compute the root 
to any desired number of decimal places either by Horner's method, 
which is available only for polynomial equations, or by Newton's method 
(i 75), which is applicable also to logarithmic, trigonometric, and other 
equations. 

To find the root between 2 and 3 of 

(1) x^-2x~5 = 0, 

set a:=2+p. Direct substitution gives the traneformed equation for p: 

(2) p»+6p'+10p-l=0. 

The method just used is laborious especially for equations of high degree. 
We next explain a simpler method. Since p = x—2, 

a:3-2x-5={x-2)3+6{i-2)2+10(i-2)-l, 
identically in x. Hence — 1 is the remainder obtained when the given 
polynomial a^— 2a;— 5 is divided by x~2. By inspection, the quotient 
Q is equal to 

(i-2)2+6(i-2) + 10. 

Hence 10 is the reminder obt^ed when Q is divided by x— 2. The 
new quotient is equal to (»— 2)+6, and another division gives the 
remainder 6. Hence to find the coefficients 6, 10, — 1 of the f«nn8 follow- 
ing p^ in the transformed equation (2), we have only to divide the given 
polynomial x^~-2x—5 by x—2, the quotient Q by x—2, etc., and take 
the remainders in reverse order. However, when this work is performed 
by synthetic division (g 15) as tabulated below, no reversal of order is 

> W. G. Homer, London PhikMophical TransactionH, 1819. Earlier (1804) hy P. 
Rufiiiii. See Bulletin American Math. Society, May, 1911. 
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necesBajy, since the coefficients then appear on the page in their desired 
order. 

1 -2 -5 12 
2 4 4 



Titus 1, 6, 10, — 1 are the coefficients of the desired equation (2). 

To obt^n an approximation to the decimal p, we ignore for the moment 
the terms involving p^ and p^; then by lOp— 1=0, p=0.1. But this 
value is too large since the terms ignored are all positive. For p=0.09, 
the polynomial in (2) is found to be negative, while for p=0.1 it was just 
seen to be positive. Hence p=0,09+A, where h is of the denomination 
thousandths. The coefficients 1, 6.27, ... of the transformed equation 
for h appear in heavy type just under the first zigzag line in the following 



10 



| 0.09 



1 


6.09 
0.09 


10.5481 
0.5562 


-0.060671 

0.O14517584 




1 


0.09 


11.1043 
i 0.025096 


0.05 
11.1 


1 


8.27 

o.oo 








1 


6.27 
O.OO 


4 11.129396 
4 0.025112 


-0.0061S3416 




1 


6.27 
0.00 


4 





1 6.282 

Hence a;=2.094+(, where f is a root of 

i3+6.282(=+11.15450a-0.006163416=0. 
By the last two terms, I is between 0.0005 and 0.0006. Then the vahie 
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(« V=<'^+Q.2S2t^ is found to lie between 0.00000157 and 0.00000227. 
Hence we may ignore C provided the constant term be reduced by an 
amount between these hmits. Whichever of the two limits we use, we 
obtain the same dividend below correct to 6 decimal places. 

11.154508 [ 0.006151 I 0.000551 =f 
5577 

574 
558 



Since the quotient is 0.0005+, only two decimal places of the divisor are 
used, except to see by inspection how much is to be carried when making 
the first multiplication. Hence we mark a cross above the figure 5 in 
the hundredths place of the divisor and use only 11.15. Before making 
the multiplication by the second significant figure 5 of the quotient I, 
we mark a cross over the figure 1 in the tenths place of the divisor and 
hence use only 11,1. Thus i=2.0945514+, with doubt only as to whether 
the last figure should be 4 or 5. 

If we require a greater number of decimal places, it is not necessary 
to go back and construct a new transformed equation from the equation 
in t. We have only to revise our preceding dividend on the basis of our 
present better value of t. We now know that t is between 0.000551 and 
0.000552. To compute the new value of the correction C, in which we 
may evidently ignore fi, we use logarithms. 

log 5.51 = .74115 lr« 5.52 = .74194 

/.log 5.512=1.48230 .'.It^ 5 . 52=" - 1 . 48388 

log 6.282= .79810 log 6.282= .79810 

log 190.72 =2.28040 log 191.42 =2.28198 

Hence C is between 0.000001907 and 0.000001915. Whichever of the two 
limits we use, we obtain the same new dividend below correct to 8 decimal 
places. 



UORNBR'3 METHOD 



11.154508 I 0.00615150 | 0.00055 148 
557725 



Hence, finally, 2—2.004551482, with doubt only as to the last figure. 



(The numbei of transformationa made by synthetic division should be about half 
the number of sifcnificant figures desired for a root.) 

By one of tht: methods in Chapter VI, isolate each re&l root of the following equa- 
tions, aod compute each real root to 5 decimal places. 

1. »'+2i+20-0. 2. i'+3i"-2i~5-0. 

3. x'+x'-2x-l=0. 4. i*+4i"-17.5i'~18i+68.5-0. 

S. a;*-ll,727j+40,385-0. 6, x* = IO. 

Find to 7 decimal places all the real roots of 

7. :e»+tr'-7-0. 8. i:>-7a!-7-=0. 

Fmd to 8 decimal places 

9. The root between 2 and 3 of x*— x— 9~0 (make only 3 tnnaformations). 

10. The real cube root of 7.976. 

U. The abscissa of the real point of intersection of the conies v^x', xy+x+Zj/— 
6-0. 

12. Find to 3 decimal places the abscissas of the points of intersection of x'+v'^Oi 
y-x'-x. 

13. A sphere two feet in diameter is formed of a kind of wood a cubic foot of which 
weighs two-thirds as much as a cubic foot of water (i.e., the specific gravity at the wood 
IS 2/3). Find to four significant figures the depth k to which the floating sphere 
will sink in water. 

Hints: The volume of a sphere of radius r is ^rr*. Hence our sphere whose radius 
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is 1 foot weiglu u much as f*'} cubic feet of water. The volume of the submerged 
portion of the sphere is TA*(r— ^) cubir feet. Since this is also the volume of the dis- 
placed water, its value for r — 1 must equal 4*--f Hence A'— 3A' + f = 0, 

14. If the specific gravity of oork is 1/4, find to four significant figures how far ft 
ooric sphere two feet in diameter will sink in water. 

15. Compute oos 20' to four decimal places by use of 

DOS 3i4 -4 cos'A -3 cos A, cos 60° -^. 

16. Three intersecting edges of a Tectangular parallelopiped are of lengths 6, 8, 
and 10 feet. If the volume is inereaaed by 300 cubic feet by equal elonxations of the 
edges, find the elongation to three decimal places. 

17. Given that the volume of a ri^t circular cylinder is orr and the total area of 
its surface is 2^, prove that the radius r of its base is a rootof H— ^+a— 0. If a— 56, 
^—28, find to four decimal places the two positive roots r. The corresponding altitude 
isa/r'. 

18. What rate of interest is implied in an offer to sell a house for $2700 cash, or 
in annual installments each of $1000 payable 1, 2, and 3 years from date? 

Hint: The amount of S2700 with interest for 3 years should be equal to the sum 
of the first payment wiUi interest for 2 yean, the amount of the second payment with 
interest for 1 year, and the third payment. Hence if r is the rate of interest and we 
write z for l+r, we have 

2700 j:*- 1000 z>-|- 1000 s+1000. 

10. Find the rate of interest implied in an offer to sell a house for $3500 cash, or in 
annual installments each of tlOOO payable 1, 2, 3, and 4 years from date. 

20. Find the rate of interest implied in an offer t« sell a house for $3600 cash, or 
$4000 payable in annual installmeDts each of SIOOO, the first payable now. 

76. Newton's Method. Prior to 1676, Newton ^ had already found 
the root between 2 and 3 of equation (1). He replaced x by 2+p and 
obtained (2). Since p is a decinoal, be neglected the terms in p^ and j^, 
and hence obtained 7>=0.1, approximately. Replacing p by 0.1+q in 
(2), he obtained 

^+6.3f+n.23q+0Ml = 0. 

Dividing -0.061 by 11.23, he obtained -0.0054 as the approximate 
value of q. Neglectii^ ^ and replacing q by — 0.0054+r, he obtained 

6.3r'+11.16196r+0.000541708=0. 
Dropping Q.3r^, he found r and hence 

X = 2+0.1 - 0.0054 - 0.00004853 = 2.09455147, 
'Isaac Newton, Opuscula, I, 1704, p. 10, p. 37. 
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of which all figures but the last are correct (§ 74), But tiie method will 
not often lead so quickly to so accurate a value of the root. 

Newton used the close approximation 0.1 top, ia spite of the fact 
that this value exceeds the root p and hence led to a negative correction 
at the next step. This is in contrast with Homer's method in which each 
correction is positive, so that each approximation must be chosen less 
than the root, as 0.09 for p. 

Newton's method may be presented in the following general form, 
which is applicable to any equation /(x) = 0, whether /(x) is a polynomial 
or not. Given an approximate value a of a real root, we can usually 
find a closer approximation a-\-h to the root by neglecting the powers 
A', ^, ... of the small number h in Taylor's formula ({ 56) 

/(a+J)-/(a)+/'(a)»+r(»)|+ ■ • ■ 
and he&ce by taking 

/W+Z-CaW-O, 4- 



-/(<■) 

" fW • 

We then repeat the procesa with ai ■" a+k in place of the former a. 
Thus in Newton's example, fix) = i^ — 2i — 5, we have, for a = 2, 

l'(,2) vy 

-/(2.1) -0.061 _ 



-0+4-2.1, 



*,- 



/'(2.1) 



11.23 



- -0.0054, 



76. Graphical Discunioii of Newton's Metliod. Using rectangular 

codrdinatcB, consider the graph of y =fi,x) and the point P on it with the 
abscissa OQ = a (Fig. 22). Let the tangent at P meet the ataxia at T 
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and let the graph meet the x-axis at S. Take k=QT, the subtangent. 
Then 

QP=f{a), f'(a) =tftn XTP=^^, 



h = 



-Sia) 

no) ■ 



In the graph in Fig. 22, OT=a+h is a better approximation to the 
root OS than OQ = a. The next step (indicated by dotted lines) gives a 
still better approximation OTi. 

If, however, we had begun with the abscissa a of a point Pi in Fig. 22 
near a bend point, the subtai^ent would be very lai^ and the method 
would probably fail to give a better approximation. Failure is certain 
if we use a point Pz such that a single bend point lies between it and S. 

We are concerned with the approximation to a root previously isolated 
as the only real root between two given numbers a and 0.. These should 
be chosen so nearly equal that/'(a:) =0 has no real root between a and fi, 
and hence/(x) = t/ has no bend point between a and 0. Further, if/" (x)=0 
has a root between our limits, our graph will have an inflexion point with 
an abscissa between a and p, and the method will likely fail (Fig. 23). 

Let, therefore, neither f'(_x) nor f"(,x) vanish between a and fi. Since 
f" preserves its sign in the interval from a to ^, while / changes in sign, 
f" and / will have the same sign for one end point. According as the 
abscissa of this point is a or 0, we take a=a or a=p for the first step of 
Kewton's process. In fact, the tangent at one of the end points meets 
the z-axis at a point T with an abscissa within the interval from a to j3. 
If f'{x) is positive in the interval, so that the tangent makes an acute 
angle with the x-axis, we have Fig. 24 or Fig. 25; if /' is negative, Fig. 
26 or Fig. 22. 



^^^ r^ •^^. 
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Iq Newton's example, the graph between'' the points with the abscissas a^2 and 
^=3 is of the type in Fig. 24, but more nearly like & vertical straight line. In view 
of this feature of the graph, we may safely take a=a, as did Newton, although our 
general procedure would be to take a— ^. The next step, however, accords with our 
present process; wehavea=2, 3=2.1inF^. 24andbence we now take a =0, getting 

0.061 

as the subtangent, and hence2.1 —0.0054 as the approximate root. 

If we have secured {as in Fig. 24 or Fig. 26) a better upper limit to the 
root than 0, we may take the abscit^sa c of the intersection of the chord 
AB with the x-axis as a better lower limit than a. By similar triangles, 

-S(a) : c-<x=m : ff-c, 
vbsaoe 

This method of finding the value of c intermediate to o and is called the 
method of interpolation (regula falsi). 
In Newton's example, a »2, ^■■2.1, 

/(<r) - -I, f(0) -0.061, c=2.0942. 

The advantc^ of having c at each step is that we know a close limit 
of the error made in the approximation to the root. 

We may combine the various possible cases discupsed into one: 

V /(^) = has a single real root between a and 0, and f'(x) = 0, f"(_x) = 
have no real root between a and ff, and if we designate by fi that one of the 
numbers a and for which f(0) and f"{B) Aife the same sign, then the root 
lies in the narrower interval from c to 0—f{0)/f'(0), where c is given by (3). 

It is possible to prove ^ this theorem algebraically and to show that by 
repeated applications of it we can obtain two limits a', ff' between which 
the root lies, such that a'—Q' is numerically less than any assigned posi- 
tive number. Hence the root can be found in this manner to any desired 
accuracy. 

ExAUTLB. /(x)-z>-2z'-2, 11-2^, |}>2^. Then 

/(<•)--«. m-% 

^Weber'B.<il0e6ra,2ded.,I,pp.38O-382; K(ein«aL^bvehder AiDatra,l9\.2,p.\^. 
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Neither of the roots 0, 4/3 of/'(x)-0 lies between ouidi?, so t}>at/(z)— haa a Mngle 
reei root between tbese limite (| 65). Nor is tbe root f of /"(x) —0 within these UinitB. 
The oonditions of the theorem are therefore aatisfied. For a<.x<.&, the graph ia of 
tlie type in Fig. 24. We find that approximatdy 

c-IH-2.3487, A-p-^-23714, 

For £-2.3593, /(x)- -0.00003. We therefore have the root to four decimal pUccE 
For a -2.3593, 

f{a) -7.2e20, a-^! -2.3693041, 

which w the value of the root correct to 7 decimal placee. We at once verify that the 
reeult is great«r than the root in view of our work and Fig. 24, while if we change the 
final digit from 1 to 0, /(x) is negative. 



1. For /{i)-i<+i'— 3x'— X— 4, show by Deocartcfl' rule of idgna that/'(x)-0 
and/"(x)-0 each have a single positive root and that neithra has a root between 1 
and 2. Which of the values 1 and 2 should be taken as 0,1 

2. When seeking a root between 2 and 3 of x*— x— 9>0, which value abould be 
taken as ^ 

77. SyBtenutic Ccnnputmtioii of Roots by Newton's Hefliod. By way 
of illustratioa we shall compute to 7 decimal places a positive root <A 
/(x)=l*+ia-3i='-i-4=0. 
Siiice/(1) = — 6,/(2)=6, there is a real root between 1 and 2. Since 
/'(x)-4x»+3i=-&c-l, /'(1)"0, /'(2)=31, 

the graph of y=fix) is approximately horisontal near (1, —6) and approxi- 
mately vertical near (2, 6). Hence the root is much nearer to 2 than to 1. 
Thus in applying Newton's method we employ a =2 as the first approxi- 
mation to the root. The correction k is then 

Hie work of performing the substitutions x=>2+d, d=—0.2+e, . . . , 
to find the transformed equations satisfied by if, «,..., is done by sya- 
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thetic division, exactly ob in Homer's method, except that some of the 
multipUerB are now aegative: 

Li 



1 1 


-3 


-1 


-4 


2 


6 


6 


10 


1 3 


3 


i 


t 


2 


10 


26 




1 5 


13 


31 




2 


14 






1 7 


27 




2 








1 9 





-0.2 


-1.76 


-6.048 


-6.1904 


8.S 
-0.2 


25.24 
-1.72 


25.952 
-4.704 


0.8096 


8.6 
-0.2 


23.62 
-1.68 


S1.M8 





8.4 I 
-0.2 

~0" 



8.08 1 w.wet 

-0.04 I 
8.04 



21.248 
.-0.04 



-0.04 


-0.3264 


—0 860544 


-0.81549824 


8.16 
-0.04 


21.5136 
-0.3248 


20.387456 
-0.847552 


-0.00189834 


8.12 
-0.04 


21.1888 
-0.3232 


19.139904 





19.M 



The root is 2-0.2-0.04+0.000302-1.760302, in which the last 
figure is in slight doubt. Indeed, it can be proved that if Ike final fraction 
g, when expressed as a decimal, has k zeros between the decimal point and iHe 
first significant figure, the division may be safely carried to 2k decimal places. 
In our fficample ft— 3, bo that we retained 6 decimal places in g. 

To proceed independently of this rule, we note that g is obviously 
between 0.00030 and 0.00031. Then the value of g*+8.0i^+2O.8656g' 



96 SOLUTION OF NUMERICAL RtUATIONS (CB.Vn 

is found to lie between 0.000001878 and 0.000002006. Whichever of these 
limits we use as a correction by which to reduce the constant term, we 
obtain the same dividend below correct to 6 decimal places. 

19.539904 I 0.005896 [ 0.0003017 



34 
20 

14 
14 

Hence the root is 1.7603017 to 7 decima] places. 



1. Fiitdb>S<ledmklpUc«therootbetw«en2uid3of z>-x-9-a 

2. Find to 7 dccinwl pUces Uw root brtwcn 2 uid 3 of x'-Zr*'2-0. 

3. Find the k*] cube root of 7.976 to S deciiral pkcea. 

4. EiplMD 1^ Tay^'s eiptwioo of A2-,-<0 irl>7 tbe TihicB of 

AS). A21, vm, jljrm 5:j:,r"(a) 

we in imne oidn tLc coAaait> of the tiamfcained eqmtioD 

d*+«> +2r<P+3W+« -0, 
obtained in tbe Enunple in the text. Mid printed in hckTj trpe. 

5. Hw method eommoolv used to find tbe puaili Te Mjoue raot of m br a computing 
madune coawts in dividing m by ui UBumed ftppmximte T«lae ■ iJ tbe aqwe not 
and takinc half tbe sun of « and tbe quotient as a betto- appro rim aiicp. Stxtw '»«-* 
tbe latter agrees with tbe xmhie of a+k giren by atvi?™! Xe>bm'i BMtlKid to 

7S. Rewton's Method for FimctiaDs not Po^naanals. 

Eeudcx 1 . Find tbe u^ ; at tbe caivrr of a orde sobiaded by a dwid whkh 
cot* off a Mgiuuii vboee aicn » o n e - «igbt h of that trf the drde. 

^aJxriMi. Itx n im iwiiiil in ladiana and if r ii tbe t**™, tbe aicai ti tfe MniKnt 
■i equal to tbekft unibcr of 
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By means of & graph of y=Biax and the straight line represented hy^— x— ^, wa 
see that the abscissa of their poiotof intersection is approximately 1.7S radians or 102°. 
Thus a =• 102° is a fiist approxiniation to the root of 

/(i)=i-sin*--i.=0. 

By Newton's method a better approximation is a+k, whoe * 



-^- 


-a+mna+ir 


l-cosa 


ainl02°- 0.9781 


COS 1U2°- -05079 


i(3.1416) - 0.7854 


l-coBl02°- 1.2079 


1.7636 
102° -1.7802 radians 


--s=-»- 


-0.0167 


o.-o+A = l.7664 


, -f(a,) -1.7664+O.B809+0.7864 „,^. 
'^■"/'(a.)^ 1.1944 -= °'^'- 


Hence i=Q.+Ai-1.7663 radians, or 101 


12' 


Example2.» Solvei-logi-7, the 


logarithm beii^ to base 10. 



SohUion. Evidently x exceeds 7 by a positive decimal which is the value of log x. 
Hence in a table of common Ic^arithms, we seek a number x between 7 and 8 whose 
logarithm coincides approximately with the decimal part of x. We read off the values 
in the second column. 

x log* x~\ogx 



By the final column the ratit} of interpolation is 46/94. Hence z— 7,8975 to four 
decimal places. 

' The derivative of sin i is coa i. We need the limit of 

sm(:t+2t)-sinr 2cos}(at+2fc) sin i(2t) cos (i+t) a jn k 
2* " 2k ' k 

BS 2k approaches lero. Since the ratio of sin ifc to fe approaches 1, the lunit is con x. 

■This Ex. 2, which should be contrasted with Ex. 3, is solved by mterpolation 
eiuce that method is simpler than Newton's method in this special case. 
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ExahkkS. Solve 29:-Iokx-7, the logarithm being tobaw 10 
Solution. Evidently z is A little leas th&o 4. A table of oommon logarithmi Bbows 
at once that t fair appronmatton toz is a-3 Jl. Write 

/(x)a2x-logz-7, logx-Jtflog«z, Jir-0.4343. 

S7 wloulua, the derivative of log* z b 1/z. Hence 

/•{x) -2--, y{o) -2-0.1143-13857, 

/(a) -0.e-k« 3.8-0.6-0.67978 -0.0202% 
M 

/(a,) -0,000041, A3-7892) - -0.000148. 

148 

— XO.OOOl -0.000078, 1-3.789278. 

AH figuna of z an oomot as shown hy Vega's table of logarithms to 10 pkeefc 



FteJ the angle x at tlie coiter of a circle subtended by a chord wfaidi goIb off a ate* 
imnt vrixaa tatkt to the eiiole is 

1. i. 2. I 

When the lo^uithna an to base 10^ 

S. Solve2s-logx-9. 4. Solve3z-loBX-9. 

8. Find the an^ just > 16* for irtiicfa^ sin X 4-sin2x-0.G4. 

8. Find the an^iust>72* for which x—^sinx-^. 

7. Find all solutkAs ot Ex. S by replacing sin2xby2Bnzea«^ aqnaring, and 
doMng the quartic equation for cos x. 

8. Solve similarir sin x+sin Zx- 1.2. 

9. Find X to 6 deetmal i^aees in sin x-x-2. 
10. fiaA X to 5 decimal i^acea in x-3 tog, x. 

TS. lutl^nuT Roots. To find the imapnaiy roots x+yi at an equa- 
tioD /(s)~0 with real coefficients, expand /(r+yi) by Taylor's theoiein; 

weget 

ff»)+r(«)>."-n*)^-r"Wi^+ - ■ - =oi 



IMAGINARY BOOTS 



Since x and y are to be real, andj/^O, 
(4) 



m-m^+rwj:^^- 



nx) -/"'Wj^+/»' w|i- ... -0. 

In the Example and Exercises below, /(z) is of degree 4 or less. Then 
the second equation (4) is linear in ^. Substituting the resulting value 
of i/^ in the first equation (4), we obtain an equation £(z) »0, whose real 
roots may be found by one of the preceding methods. If the degree of 
f{z) exceeds 4, we may find E{x) = by eliminating y^ between the two 
equations (4) by one of the methods to be explained in Chapter X. 

ExAHPiA. For/(c)— (*—>+!, eqiutknu (4) ue 

iB»-*+l-6iV+lf'-0, 4r'-l-4sv«-0. 

Hut 

TIm culnc equation in x* has the eingie re&l root 

z>-0,628727, x-±0.72714. 
Then ]f>-0.184&12 or 0.S7254, and 

t-ii+)n-0.72714±0.43001t, -0.727 14 ±O.03«W. 



Find the imagiiufy roots of 

1. r'-2*-5-0. 2. 2a('+fl«*-l-0. 

3. i<-3i>-6*-2. 4. )t<-4i>+ll(*-14c+10aa 

8. «*-4f*+te'-16«+2O-0. Hint: 

B{j)"i(i-2){16i*-64E'+l3&e'-144i+66)-(li 

and the lut factor becnraes (w*+l)(u)i+9) for2z-u]+2. 

Non. If we know a real root r of a cubic equation /(t) —0, we may remove the 
factor t—T and solve the resulting quadratic equation. When, as usual, r involves 
•everal decimal places, this method is laborious and unsatisfactory. But we may utiliie 
a device, explained in the author's filemeiKnry T'Aeorvo/Efliia/wn*, pp. 119-121, li6, 7. 
As there explained, a similt^ device may be used when we know two real roots of a 
qw>rtio equation. 
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HISCELLAITEOUS BZERCXSBS 
(Give answera to 6 decimal places, unless tbe contmy is stated.) 

1. What arc of B circle is double its chordT 

2. What arc of a circle is double the dktance from ttw coito' of the cirde to the 
dtoid of the arc? 

3. If A and B are the points of contact of two tangnits to a circle of radius uni^ 
horn a point P without it, and if arc AB a equal to PA, find the length of the arc. 

4. Find the angle at the cmter ot a circle of a sector which n bnected by its dwrd. 

5. PtDd the radius of the smallest hollow iron spb»e, with air exhaUHted, which wiD 
Boat in wat^ if its shell is 1 inch thick and the specific gravity of iron is 75. 

6. From one end of a diameter of a circle draw a chord which tMSccts tbe annicirde. 

7. Tbe equation xtanx^c occurs in the theory of vibtatiog string. Its appn»i- 
nuite Bolutionsmar be found from the graphs of y^ cot x, y^z-c. IiDdxwhme^l. 

8. The equation tan x = x occurs in tbe study of the vitMstiooa of air in a sphaical 
cavity. From an ^qmudmate solution Xi = \.5w, we obtain successivdy better approxi- 
mations x,~tan->xt -1.4334 1-, Xi-tan-'xt, .... Find tbe first three solntkma to 
4 decimal places. 

9. Find to 3 decimal places the first five solutions of 

wfakh onurs in tbe theory of vibiatioas in a conical pipe. 

10. 4*x'-i3i-lt>-0 aiises in the study of (he isotbcimafa of a ^s. Xlod ita 
roots wbco \.0 T -O.002 and ImI r -0 99. 

11. Solnx'-iaO. 12. Soh¥X = IOLogx. 13. Sohex+laex-xk«z^ 

14. SotvT Kepfe*"* equation Jf = x-* sin X when Jf =332= IS,' b*sr\ t ^W Z'lff' . 

15. In what time would a sum of moorr at 6"^ iniovst compoonded annoal^ 

16. In a jvmicircle of dtamcter x i» ininSwd a quadrilaien] with skIeb a^ k, ^ x; 
th»BX^-.*'-'-6»-<^j-i»6c-0.:I. Xewton'. Otrma^i 6=3, r -4. findx. 

IT. nlttl me cf ntmst >$ mpliHi in an offer to sell a house for fOOOP tM^ or 
tltHO <kwn and OaOO at the ad of each ytv for three yews? 



CHAPTER VIII 
Determinants; Systeus of Lineab Equations 

80. Solution of Two Linear Equations by Detenninants of Order 2. 

ABsume that there is a pair of numbers x and y for which 

Multiply the memberB of the first equation by &2 and those of the second 
equation by —bi, and add the resulting equations. We get 

(aifca— a2l»i)x=fci&2— Aafci- 
Employing the respective multipliers — a2 and ai, we get 

(ai62— a2&i)j/=aifc2— 02^1. 
The common multipher of x and y is 
(2) 0162-0261, 

and is denoted by the symbol 

OT |:;^|, 

which is called a determinant of the second order, and also called the deter- 
minant of the coefficients of x and y in equations (1). The results above 
may now be written in the form 
,„. j «i 61 I __ I fci 61 j I "' ^' 1 = I °^ *^' I 

I 02 &2 I I ^ 62 I I a2 63 I I a2 ^2 I 

We shall call k\ and ^2 the known terms of our equations (I). Hence, 
if D is the ddermijiant of the coefficients of the unknowns, the product of D by 
any one of the unknoums is equal to the determinant obtained from D by 
svbstituling the known terms in place of the coefficienls of that unknown. 
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If D^O, rehtiona (3) uniquely detennme v&lues of x and y: 
ktbi—kjibi aits— oati 

' D — ■ » 5 — ■ 

and these values satisfy equations (1) ; for example 



Hence our equations (1) have beeo solved by det 

We shall treat in ( 96 the more troublesome case in whieh ^—0. 

EuHPLi. For 2z-3v- -4, ftr-2v-2, ve hare 



I -2 I I 

Uv- 



So1t« by detenniiuuita tbe following aystems of equations: 

1. &t-y-U, 2. Sx+iy-lO, 3. ax+by-o', 
x+Sv5A. 4c+ V- 9- hx-ay-ab. 

81. Solaticm oi Three Unear Equations by Determinants of Order 3. 

Consider a system of three linear equations 
aiz+biy+cit=ki, 

(4) aai+6al/+c»=*a, 
a3xi-bzy+c:a=k3. 

Multiply the members of the Erst, Becond and third equations by 

(5) bacg— 63C2, taCi— 61C3, biCz—bxCi, 
respectively, and add the resulting equations. We obtain an equation 
in which the coefficients of y and z are found to be zero, while the coeffi- 
(dent of X is 

(6) OiftjCa— dihsCsH-dafiaCi— azhiC3+tt3&iCa— a8b2Ci> 



183) 
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Such an expression is called a dderminanl of the third order and denoted 
by the symbol 

at bi c\ 
m aa fra ca . 

oa &3 Cs 

The nine numbers ai, . . . , ca are called the dements of the detemii- 
oant. In the symbol these elements lie in three (horieontal) rows, and 
alao in three (vertical) columns. Thus aa, 62, Ca are the elements of the 
second row, while the three e's are the elements of the third column. 

The equation (free of y and z), obtained above, may now be written 



ai &i ci 




*i 6, c. 


aa fca Ca 


x= 


fca 6a Ca 


a^bi a 




kiba C3 



since the right member was the sum of the products of the expressions 
(5) by ifci, fca, ks, and hence may be derived from (6) by replacing the 
a's by the A;'s. Thus the theorem of J 80 holds here as regards the 
unknown x. We shall later prove, without the laborious computation? 
just employed, that the theorem holds for all three unknowns. 

83. The Signs of the Terms of a Determinant of Order S. In th« 
six terms of our determinant (6), the letters a, b, c were always written 
in this sequence, whUe the subscripte are the six possible amugements 
of the numbers 1, 2, 3. The first term aibaca shall be called the diagonal 
term, since it is the product of the elements in the main diagonal running 
from the upper leftr-hand comer to the lower right-hand comer of the 
symbol (60 for the determinant. The subscripts in the term — ai&so 
are derived from those of the diagonal term by interchanging 2 and 3, 
and the minus sign is to be associated with the fact that an odd number 
(here one) of interchanges of subscripts were used. To obt^n the arrange- 
ment 2, 3, 1 of the subscripts in the tenn -l-aa&sci from the natural order 
1, 2, 3 (in the diagonal term), we may first interchange 1 and 2, obtaining 
the arrangement 2, 1, 3, and then interchange 1 and 3; an even number 
(two) of interchanges of subscripte were used and the sign of the term 
is plus. 

While the arrangement 1, 3, 2 was obtained from 1, 2, 3 by one inter> 
change (2, 3), we may obtain it by appljring in succession the three intei^ 
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changes (1, 2), (1, 3), (1, 2), and in many new ways. To show that the 
number of interchanges' which will produce tlic final arrangement 1, 3, 2 
is odd in every case, note that each of the three possible interchanges, 
viz., (1, 2), (1, 3), and (2, 3), changes the sign of the product 

P=(xi — X2)ixi — X3)iX2 — Xs), 

where the x's are arbitrary variables. Thus a succession of k interchanges 
yields P or —P accordii^ as A: is even or odd. Starting with the arrange- 
ment 1, 2, 3 and applying k successive interchanges, suppose that we 
obtain the iinal arrangement 1, 3, 2. But if in P we replace the subscripts 
1, 2, 3 by 1, 3, 2, respectively, i.e., if we interchange 2 and 3, we obtain 
—P. Hence k is odd. We have therefore proved the following rule 
of signs : 

Although the arrangement r, s, I of the sybscripts in any term ±a^^ of 
the determinant may be c^tained from the arrangement \, 2, Z hy various 
successions of interchanges, the number of these interchanges is eilker always 
an even number and then the sign of the term is plus or always an odd num- 
ber and then the sign qf the term is minus. 



Apply the rule of aigna to all terms of 

1. Determinant (6). 2. Determinant ai6}—at6i. 

83. Number of Interchanges always Even or always Odd. We now 
extend the result in g 82 to the case of n variables xi, . . . , x^- The 
product of all of their differences Xi—x,(i<j) is 

P={xi— XaXii-ia) . . . {xi~x^ 
•(a;2-X3) . . . (x2-x^ 



Interchange any two subscripts i and j. The factors which involve neither 
i nor J are unaltered. The factor (xf—Xj) involving both is changed in 
sign. The remaining factors may be paired to form the products 

±(a:,-a:»)fe-i.} (fc=l, . . . , n; fc^i, k^j). 
Such a product is unaltered. Hence P is changed in sign. 

Suppose that an arrangement ii, i2, . . . , im can be obtained from 
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1, 2, . . . , n by using m successive interchanges and also by t successive 
interchanges. Make these interchanges on the subscripts in P; the 
resulting functions are equal to ( — 1)'"/* and ( — 1)'P, respectively. But 
the resulting functions are identical since either can be obtained at one 
atep from P by replacing the subscript 1 by fi, 2 by 13, . , . , nbyi,. Hence 

(-irp^c-D'p, 

80 that m and t are both even or both odd. 

Thus if the same anangemmt is derived from 1,2, .,, ,niyym successive 
inlerckanges as by I successive i'nierchanges, then m and t are both even or 
both odd. 

84. Deflnitioii of a Determinant of Order n. We define a determinant 
of order 4 to be 



(7) 



ai 


h 


Cl 


di 


02 


h 


C2 


da 


aa 


63 


C3 


d3 


Oi 


64 


c* 


d4 



^^iOftAdl, 



where q, r, s, t is any one of the 24 arrangements of 1, 2, 3, 4, and the 
sign of the corresponding term is + or — according as an even or odd 
number of interchanges are needed to derive this arrangement q, r, a, t 
from 1, 2, 3, 4. Although difTerent numbers of interchanges will produce 
the same arrangement q, r, s, t from 1, 2, 3, 4, these numbers are all even 
or all odd, as just proved, so that the sign is fully determined. 

We have seen that the analogous definitions of determinants of orders 
2 and 3 lead to our earlier expressions (2) and (6). 

We will have no difficulty in extending the definition to a determinant 
of general order n as soon as we decide upon a proper notation for the rfi 
elements. The subscripts 1, 2, , . , , n may be used as before to specify 
the rows. But the alphabet does not contain n letters with which to 
specify the columns. The use of e', e", . . . , e*"' for this purpose would 
confiict with the notation for derivatives and besides be very awkward 
when exponents are used. It is customary in mathematical journals 
and scientific books (a custom not always followed in introductory text 
books, to the distinct disadvantf^e of the reader) to denote the n letters 
used to distinguish the n columns by ei, ej, . . . , e« (or some other letter 
with the same subscripts) and to prefix (but see § 85) such a subscript by 
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tii« Dew subBcript indicating the row. The symbol for the determinuit 
is therefore 

cii «ia . . . 



«■> «.!■•■ 

By definition this efaall mean the sum <A the n(n— 1) ... 3-1 terms 
(9) (-l)^,ie»a...<v 

in which I'l, ^, . . . , t. >8 ut arrangement of 1, 2, . . . , n, derived from 
1, 2, . . . , n by i interchanges. Any term (9) of the determinant (8) is, 
apart from aga, the product of n factors, one and only one from each col- 
umn, and one and only one from each row. 

For example, if we take n=4 and write Of, bj, c,, di for «/i, en, ea, «/«, 
the symbol (S) becomes (7) and the general term (9) becomes the general 
term ( — 1)* a,, &(, c^ di, of the second member of (7) . 



1. Find the six tonna involving <■■ in the detarminnnt (7). 

2. What on the signs of aib|C|di«t, aja^ti^ in a determinant of order five? 

3. Show that the arrangemuit 4, 1, 3, 2 may be obtained from 1, 2, 3, 4 by use of 
the two Bucceaaive interchanges (1, 4), (1, 2), and also by use of the four suoccasivs 
interchanges (1, 4\ (1, 3), (1, 2), (2, 3). 

4. Write out the sut terms of (8) for n —3, rearrange the factors of each term so that 
thf new first subecripta shall be in the order 1, 2, 3, and verify that the reaulting six 
tenns are thoae of the detenninant D' in } 85 for n -3. 

85. Interchange tA Rows and Columns. Any determinatU it not 
dUered in valite if in its aymbol we replace the elements of the first, aeamd, 
. . . , ntk rows by the elements which formerly ajypeared in the same order 
in the first, second, . . . , nth columns, or briefly if toe ijUerdumge the cor- 
responding rows and columna. For example, 

I " ** \ = ad-bc=\ ** " 1 
I c d I I b d j* 

We are to prove that the detenninant D given by (8) is equal to 
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If we give to i^ a more familiar aspect by writing e^ - at* for each element 
so that, ae in (S), the row Bubscript precedes instead of fotlowB the column 
subscript, the definition of the determinant in terms of the a's gives ly 
in terms of ihe e^s as the sum of all expressions 

in which fti, ii . . . , ^ is an arrangement of 1, 2, . . . , n, derived fran 
the latter sequence by t interchanges. 

As for the terms of D, without altering (9), we may rearrange its factors 
BO that the first subscripts shall appear in the order 1, 2, . . . , n, and 
obtain 

(— l)*eii,#ii, . . .«rt,- 

This can be done by performing in reverse order the i successive inters 
changes of the letters e corresponding to the t successive interchanges 
which were used to derive the arrangement ii, ia, . . . , t, of the first 
subscripts from the arrangement 1, 2, . . . , n. Thus the new second 
subscripts fci, . . . , jt, are derived from the old second subscripts 1, . . . , 
n by i interchanges. The resulting signed product is therefore a term 
alD'. Hence Z>-D'. 

86. Interchange of Two Cdumns. A dtterminant is merdy Aanged 
in siffn by the interehanne of any ttooofita colutnn*. For example, 

D~\ " ^ Uad-6c, A- ^° \^be~ad~-D. 
\ e a \ I a c I 

Let A be tiie determinant derived from (S) by the interchange of the 

rth and <th cdumns. The terms at & ate therefore obtained from the 

terms (9) of Z> by interchangtog r and « in the series of second subscript. 

Interchuige the rth and sth letters e to restore the second subscripts 

to their natural order. Since the first subscripts have undergone an 

interchange, the negative of any term of A is a term of Z>, and A= —D. 

87. Intercbtoge of Two Rows. A determinant D is merdy dumgtd 
in aiyn by the intenJuatge of any two rows. 

Let A be the determinant obtained from D by interchanging the rtit 
and *th rows. By interchanging the rows and columns in D and in A, 
we get two determinants D' and A', either of which may be derived from 
the other by the interchange of the rth and sth columns. Hence, by 
II 85, 86, 

A-A'--i)'--D. 
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88. Two Rows or Two Columns Alike. A dOerminant is zero if any 

two of Us rows or any two of its coluniTis are alike. 

For, by the interchange of the two like rows or two like columns, the 
determinant is evidently unaltered, and yet must change in sign by S§ 86, 
87. Hence D = -D,D = 0. 



1. Prove that the equation of the straight line determined by the two distinct 
points (xi. Si) and {x,, y,) is 

X V 1 

xi yi 1 =0. 



2. Show that 



Ol hi c 
m b, ci 



b, bi b, 
Ct Ci e. 



Oi Ct i>i 

o. 6. Ci <h Ct bt 

By use of the Factor Theorem ({ 14) and the diagonal term, prove that 
3. Ill 

a b c -(6-a)(c-o)(c-6). 

o> 6' c> 



1 . 



- n (1,-11,). 



This is known as the determinant of Vanderroonde, who discussed it in 

symbol on the right means the product of all factoid of the type indicated. 

S. Prove that a skew-symmetric determinant of odd order is teio: 



e f B 

h j 

-h k 

-J -k 
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89. MiniM^. The determinant of order n— 1 obtained by erasing 
(or covering up) the row and column crossing at a given element of a 
determinant of order n is called the minor of that element. 

For example, in the determioant (6') of order 3, the minora of En, &i, 6i are respect- 
ively 



Again, (6') ia the minor of d( in the determinant of order 4 given by (7). 

90. Expansion Accordii^ to the Elements of a Row or Column. In 

6i ci I 

03 bs a \ 

denote the minor of any element by the corresponding capital letter, 
60 that &i has the minor Bi, ba has the minor Bs, etc., as in § 89. We 
shall prove that 

D= aiAi—biBi+ciCi, D= 01^41—02X3+03-43, 

D=-a3A2+bzB2-c^2, D=«-&iBi+&2fi2-M3, 
D= asAi-biBi+caCz, D- ciCi-csCa+cgCa. 



(60 i>= 



The three relations at the left (or right) are expressed in words by saying 
that a determinant D of ihe third order may be expanded according to the 
elements of the first, second or third row (or column). To obtain the expan- 
sion, we multiply each element of the row (or column) by the minor of 
the element, prefix the proper sign to the product, and add the signed 
products. The signs are alternately + and — , as in the diagram 

+ - + 

- + - 

+ - + 

For example, by expansion accordioR to the second column, 

I 1 4 5 I 

2 3 
2 3 --4 U_4xe--36. 
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SimOoriy the value of the detenoiiunt (7) of order 4 may be found by expansion 
according to the elements of the fourth column; 



a, b, ct 
a, bt e, 
at bi Ct 



oi 5i ci 
a, b, e, 
<H bi c^ 



Ol bi ft 
<■) h (^ 
a* h, Ct 



ai bi Ci 
at b, Ct 
at bi e. 



We shall now prove that any determinanl D of order n may be expanded 
aeeording to the elements of any row or any column. 

Let Ett denote the minor of et, in D, given by (8), so that Eu is 
obtained by erasing the I'th tow and jth column of D. 

(t) We first prove that 



(10) 



D^eiiEii~e2iEii-i-e3iE3i 



. +C-l)"-'e»iE-i. 



BO that D may be expanded according to the elements of its first cdumn. 
By (9) the terms of D having the factor en are of the form 

(-l)'eiicw. ■•^,«. 

where 1, 12, . . . , t. is an arrangement of 1, 2, . . . , n, obtained from the 
latter by t interchanges, so that 12, . . . , in is an arrangement of 2, ... , 
n, derived from the tatter by t interchanges. After removing from each 
term the common factor en and adding the quotients, we obtain a sum 
which, by definition, is the value of the determinant £^11 of order n— 1. 
Hence the terms of D having the factor en may all be combined into 
Cii En, which is the first part of (10). 

We next prove that the terms of D having the factor 621 may be com- 
bined into — C2i^2i, which is the second part of (10). For, if d be the 
determinant obtained from D by interchanging its first and second rows, 
the result just proved shows that the terms of A having the factor eai 
may be combined into the product of cai by the minor 

ei2 «i8 . . ■ 



of 621 in A. Now thia minor is identical with the minor En of eai in D. 
But ^'^—D (§ 87). Hence the terms of D having the factor en may be 
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oombined into— eai^ai- Similarly, the termB of D havii^ the factor eai 
may be combined into esif^si, ete., as in (10). 

(ti) We next prove that D may be expanded ocoording to the elements 
of its ibth column (fc> 1) : 

(U) /)=S(-iy+*e^,. 

Consider the determinant i derived from D by moving the Uh column 
over the earlier coliimnB until it becomes the new first column. Since 
thismay bedoneby it— 1 interchanges of adjacent coliunns, i = {—\Y~^D. 
The minors of the elements eit, . . . , e.* in the first column of 6 are evidently 
the minors Elt, ■ ■ • , E^u of «», . . . , eid in 2>. Hence, by (10), 

«-««£«-«,»£»*+. . . . +(-l)-'ft*ff,u- 2 i-iy+^ejtEjt. 

Thus i)-(— 1)*"*3 has the desired value (11). 

(ill) Finally, D may be expanded according to the elements (rf its 
lahrow: 

In fact, by Case (it), the latter is the expansion of the equal detraminant 
7>' in $ 85 according to the elements of its Ai;h column. 

91. Removal of Factors. A common fador cff aU of ike elements of the 
aome row or same column of a determinant may be divided out of the dements 
and placed as a factor b^ore the new determinant. 

In other words, if all of the elements of a row or column are divided 
hy ft, the value of the detenninant is divided by n. For example, 

Inoi nbi I I ai bi I 
Oi bs I I oa ba I 

Proof is made by expanding the determinants according to the elements 
(A the row or cdumn in question and noting that the minors are the same 
for the two determinants. Thus the second equation is equivalent to 

-(nbi)Bi+(nb8)B2-(nis)B8=n(-6iBi+6iB2-6»B8), 
whfoe Bt denotes the minor of bt in tJie final determinaut. 



oi nhi ci 




ai 6i ci 


as flba C3 


-n 


03 62 <5» 


03 n&a C8 




aabs ca' 
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3a 3b 3<: 



5a 56 5c 
« / 
Expand by the Bhortest method and evaluate 



2r 


I 


3r 


2s 


m 


3» 


21 


n 


3( 



2 7 3 
5 9 8 



4. 



-aW{a-W{o-c)(<i-<i)(ft-c)Cd-d){c-d). 



1 6» c' (P 
' b' e' d' 
< b* e< d< 

92. Sum of Determiiunts. A determinant having ai-i-q),a2+q2, . . . at 
the elements of a colurrm is equal to (A« sum of the determinant having oi, 
02, . . . as the elements of the corresponding column and the determinant 
having qi, q2, ... as the elements of that column, while the elements of the 
remaining columns of each determinant are the same as in the fiven determi- 
narU. 



For example, 

ai+gi 

(12+52 

as+qa 





ai 6i ci 




?i 6i ci 


= 


02 h2 C2 


+ 


gz h C2 




03 6a C3 




98 63 C3 



To prove the theorem we have only to expand the three determiDants 
accoi'ding to the elements of the column in question (the first column in 
the example) and note that the minors are the same for all three determi- 
nants. -Hence ai+qi is multiphed by the same minor that oi and 91 
are multiplied by separately, and similarly for 02+92, etc. 

The similar theorem concerning the splitting of the elements of any 
row into two parts is proved by expanding the three determinants accord- 
ing to the elements of the row in question. For example, 
I a+r b+s I _ I ° 6 I I r • I 
\ c d \ \ e d \ \ c d \' 



Sffii 



ADDITION OF COLUMNS OR ROWS 
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93. Addition cS Columns or Rows. A determiruiTU ia not changed 

in value if toe add to the elements of any column the -products of the correspond- 
ing ekments of another column by the same arfntrary nuTiiber. 

Let ai, a2, . . . be the elements to which we add the products of the 
dements 61, fta, ■ ■ ■ by n. We apply § 92 with qi = nbi, q2 = nb2, .... 
Thus the modified determinant is equal to the sum of the initial determi- 
nant and a determinant having bi, bs, ... in one column and nbi, nbz, 
... in another column. But (§91) the latter determinant is equal to 
the product of n by a determinant with two columns alike and hence 
is aero (5 88). For example, 
ai+n6i 61 

a3+nbi ba 
and the last determinant is zero. 

Similarly, a determinarU is not changed in valve if we add to the elements 
of any tow the produds of the corresponding elemerUs of another row by the 
same arbitrary number. 
For example, 

I a+nc b+nd I labl |c(j| \ab \ 





ai 61 ci 




61 bi Ci 


= 


02 &2 Ca 


+n 


!>2 62 C2 




03 63 C3 




63fe3C3 



Example. Evaluate the first determinant below. 



10 



1 -2 1 




1 1 




1 2 3 


= 


1 8 3 


. 


6 4 3 




6 10 3 





10 I 



SoIuUon. First we add to the elements of the second column the products of the 
elements of the last column by 2. In the resulting second detenmntuit, we add to the 
elements of the first column the products of the elements of the third column by —1. 
Finally, we expand the resulting third determinant according to the elements of its 
first tow. 



Ib+e e+a a +b 

I bt+Ci ci+oi 01+61 

6i+<* (i+ai 01+6, 
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y reducing to b detominant of order 3, etc., prove thst 



o» b" e» (P 
a' b* (;• i* 



-Co-6){<i-c)(o-rf)(b-c){6-d)(c-<i). 



3 6-6 



4. 1 1 1 

12 3 
IZ. 

1 3 e 10 

1 4 10 20 
M. System of n Linear Equatknu in n Unknowiis iritti Z>#0. 

oiiii+ai2i2+ . . . +flii,ii,-A;i, 



(12) 



let D denote the determinant of the coefficients of the n unknowns: 
an ai2 , , . a^ 



0,3 . . . Oaa 



oiixi ai2 . . . ay, 




anxi+aiiii2+ . . . +a,,^, oia . . . o. 


o„a:i a^...a„ 




0,1X1+0,83:2+ . . . +a,mXn, a,a ■ ■ ■ a« 



where the second determinant was derived from the first by adding to 

the elements of the first colunm the products of the correspoodii^ elements 

of the second column by X2, etc., and finally the products of the elements 

of the last column by x^. The elements of the new first ccdumn are equal 

to X;i, . . . , Jb, by (12). In this maimer, we find that 

(13) Dxi^Ki, Dx2 = K2, .... Dx,~Kn, 

in which Ki is derived from D by substituting k\, , . . ,k»tor the elements 

Oil, ..., Om of the ith cx>lumn of D, whence 



I %1 012 . 



.«!— 1 fci 



Ki=\ 



K,= 



\Ka^- 



EVTATIOSS WITH MTERMIirANT NOT XEBO 



If D^^O, the umqoe valoeB ot xi, . 
frcHn (13) actually aatiafy equations (12). 
is satisfied since 



kiD—auKi —aoKa— 



. , Xji detemuDed by divimon 
For instance, the first equation 



*1 


On 


Oil. 


-Ou 


itl 


Oil 


Oil. 


• o,. 


kt 


Oil 


on. 


• o*. 


k. 


O.I 


On- 


-Om 



as shown by ezpansioD according to the elements <A the first row; and 
Hie determinant is sero, having two rows alike. 

Thbohem. // D denotes the determinarU of tJie eo^identa of the n 
urubioums in a »j/«tan ef n linear equatuma, the product of D by any one 
f4 the unJbu>im« ia eguol to the dOerminant obtained from D by siAaUtUing 
the known terms in place t^ the eoeffidenU f^ Hi/A vxknofan. If D^O, vje 
obtain the unique vtduet of the unJbwnme by divinon by D. 

We have therefore given a complete proof fA the results stated and 
illustrated in 5 SO, § 81. Another proof is suggested in Ex. 7 below. 
The theorem was discovered by induction in 17S0 by G. Cramer. 



Solve by detemiiiiaiitB the following systema of equations (reducing eadi deter> 
mount to one having lero m tin vahie of every element but one in a row or column, 
H in the esnmple in 1 93). 

1. x+ v+ i-ll, 2. *+ v+ «-0, 

2*-6y- f-0, z+2ir+3f--l, 

3z+4ir+&-0. z+3v+6*-a 



3. z 



■2»+ .-12, 
z+2y+3i-48, 
ft];+4v+3(-S4. 

6. z+ if+ •+ »— 1, 
x+^+ 3(+ 4w-ll, 
x+3v+ 6f+10u>-28, 
z+4v+10t+20u>-47. 



4. 3*-^ -7, 
3y-2(-'6, 
3f-as--l. 

e. 2x- v+3«-2w-^ 
a+7v+ «- w-2, 
3*+6y-«f+3w-0, 
4r-3v+2«- w-5. 



7. Pnre the firat relation (13) by multiplying the members of the fint equation 
(12) by Aa, thoM of thj aeeond equation by —At,, . . ., those of the nth equation by 
(— 1)"~*j1.i, andadding,whereAijdenot«Btheiiiinorof (minD. Hint: The reaultinf 
eoiffieient of xi is the expanson, aooording to the element of its first column, of a deter- 
minant deiived from D by replacing an by ut, . . . , 0,1 by a^. 
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96. Rank of a Determinant. If we erase from a determinant D of 
order n all but r rows and all but r columns, we obtain a determinant 
of order r called an r-rowed minor of D. In particular, any element is 
regarded as a one-rowed minor, and D itself is regarded as an n-rowed 
minor. 

If a determinant D of order n is not zero, it ie said to be of rank n. 
If, for 0<r<n, some r-rowed minor of D is not zero, while every (r-f-l)- 
rowed minor is zero, D is said to be of rajik r. It is said to be of rank 
zero if every element is zero. 

For example, a determinant D of order 3 is ot rank 3 if D#0; of rank 2 if D-0, 
but some two-rowed minor is not zero; of rank 1 if every two-rowed minor is lero, 
but Bome element is not isero. Again, every thiee-rowed minor of 



/ I 

b e 

I 1 

is zero since two pairs of its rows are alike. Hence it is of rank 2 if some two-rowed 
nunor is not zero. But it is of rank 1 if a, b, e, d are not all zero and are proportion&l 
to e, /, g, h, since all two-rowed minors are then tero. 

96. System <rf n Linear Equations in n Unknowns wiUi D=0. We 
shall now discuss the equations (12) for the troublesome case (previously 
ignored) in which the determinant D of the coefficients of the unknowns 
is zero. In view of (13), the given equations are evidently inconsistent 
if any one of the determinants Ki, . . . , K„ ia not zero. But if D and 
these K'a are all zero, our former results (13) give us no information 
concerning the unknowns i„ and we resort to the following 

Theorem. Let the determinant D of (he coeffidents of the unknowns 
in eqwUions (12) be of rank r, r<n. If the determinants K obtained fram 
the {r+l)-rowed minora of D by replacing the elements of any column by 
tke corresponding known terms kf are not all zero, the equaiions are incon- 
sistent. But if these determinants K are all zero, tke r equations invohing 
tke elements of a non-vanisking r-rowed minor of D determine uniquely r 
of tke unknowns as linear functions of the reTnaining n—r unknowns, which 
are independent variables, and the expressions for these r unknowns aatitfy 
also (At remaining n—r equations. 
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Consider for example the three equ&tiona (4) in the unknownB x, y, s. Five cases 



(a) D of rank 3, U 
Iff) Dot rank 2 (t.e 



Dp'O. 
, D— 0, but some two-rowed minor ^0), and 



h, k, 

not all lero. 

(7) D of mnk 2 and A'l, K,, K, all lero. 

(f) D of rank 1 (i^., every two-rowed minor -0, but some element HO), and 



I aj *:/ I 



I 6> ftj I 



(t, j chosen from 1, 2, 3) 



not all sero; there are nine such determinants K. 

(<) D of rank 1, and all nine of the two-rowed detenninanto K zero. 

In case (a) the equations have a single set of solutions (J 94). In cases (0) and 
(i) there is no set of solutions. For iff) the proof follows from (13). In case (f) one 
of the equations is a linear combination of the other two; for example, if aibt—otbi ^0, 
the first two equations determine x and y as linear functions of i (as shown by trans- 
posing the terms in z and solving the resulting equations for x and y), and the resulting 
valuee of x and y satisfy the third equation identically as to «. Finally, in case (t), 
two of the equations are obtained by multiplying the remaining one by constants. 

The reader acquainted with the elements of solid analytic geometry will see that 
Uie planes represented by the three equations have the following relations: 

(a) The three planes intersect in a single point. 

(ff) Two of the planes intersect in a line parallel to the third plane. 

(t) The three planee intersect in a common line. 

(i) The three planes are parallel and not all coincident. 

(c) The three planes coincide. 

The remarks preceding our theorem fumieh an iUustration (the case 
r=n— 1) of the following 

T.BMiiA 1. If every (r+l)-rowed minor M formed from certain r-|-l 
rows of D is zero, the corre^xmding r+l equations (12) are inconsistent 
provided there is a non-vanishing determinant K formed frmn any M 
by replitcing the elements of any column by the coiresponding known 
terms Jfc«. 

For concreteness,' let the rows in question be the first r+l aod let 

< AH other cases may be reduced to this tme by nsnaaging tile ■ 
relabelling the unknowns (fef^maof Xt by the new Zi, for example). 
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r^O. 



Or+ti . . . Or+l, k 

Let di, . . . , d,+t be the minors of fei, . . . , iv+i in K. Multiply the 
first r+l equations (12) by di, -da, ■ . ■ , {-l)'dr+i. respectively, and 
add. The right member of the resultit^ equation is the expansion of 
±K. Tlie coefficient of x, is the expansion of 



■Olr 



Ou 



and is zero, beii^ an JIf if 9>r, and having two columns identical if a±r. 
Hence = ±.K. Thus if Ky^Q, the equations are inconsistent. 

Lehha 2. If all of the determinants M and K in Lemma 1 are sere, 
but an r-rowed minor of an Jf is not zero, one of the corresponding r+ 1 
equations is a linear combination of the remaining r equations. 

As before let the r+1 rows in question be the first r+1. X«t the 
non-vanishing r-rowed minor be 



(14) 



an . 



Ofl ■ 



7*0. 



Let the functions obtained by transposing the terms jti in (12) be 

By the multiplication made in the proof of Lenmia 1, 

diLi-d2L2+ . . . +(-1)U+iL,+i = TX"=0. 
Hence L,+t is a linear combination of h\, . . . ,L„ 

The first part of the theorem is true by Lemma 1. The second part 
is readily proved by means of Lemma 2. Let (14) be the non-vanishing 
r-rowed minor of D. For «>r, the »th equation is a linear combination 
of the first r equations, and hence is satisfied by any set of solutions of 
tlie tatter. In the latter transpose the t«rms involving x,+,, . . . , x^. 
Since the determinant of the coefficients of zi, . . . , i, is not sero, 1 94 
shows that xi, . . . , 3V are uniquely detennined Unear functions of av+u 
. . . ,Xn (which enter from the new right manboB). 



HOMOOEN^VS SQVATI0N8 



Apply the theorem to the following four ByBtems of equations and check the ooo- 

1. 2z+ V+Si-l, 2. 2x+ V+3I-1, 

4x+2v- (--3, 4x+2y- t~3, 

2x+ V-4C--4. 2x+ y-4fi. 

3. X- 3v+ 4t-l, 4. z- 3v+ 4s-l, 

4x-12v+l&-3, 4x-12v+16c-4, 

3x- 9»+J2«-3. 3x- »y+13»-8. 

8 Diacofli the syitem 

OX+ lf+ «-a-3, 
x+av+t 2, 

rhen (t) a-1; (tt) a--2; (nt) ay<l,-2, obtaining the aimpleat fonns of the 



x+ y+ t~l, 
<w+ by+a—k, 

when (0 a, 6, e aie distinct; (n) a— &^c; (m*) a^b^c. 

97. Homogeneous Unetr Equatitms. When the known tenns ii, . . . , 
it. in (12) are all sero, the equations are called homogeneous. The detenni- 
nants K are now all sero, ao that the n homogeneous equations are never 
inconsistent. This is also evident from the fact that they have the set 
oS solutions xiS'O, . . . , xwO. By (13), there is no further set of solu- 
tione if D^O. If D~0, th»e are further sets of solutions. This is 
shown by the theorem of § 96 which now takes the following mmpler form, 

// Ou daeminant D qftke eoeffixienU qf n linear kotnogeneous equaiiont 
in n unknouTns is of rank r, r <n, the r equations involving the dements of a 
non-ffonuAtng r-rowed minor of D determine uniqudy r qf the UTikTiawns as 
Unear funelions of the retnaining n ~r unknowns, which are iadependetit vari- 
ables, and the expressions for these r ujJcnowns satiny also Ote remaimng 
n—r equations. 

The particular case mentioned is the much used theorem; 

A necessary owf sufficient condition that n linear homogeneous equations 
in n unknowns tha& have a set of solutions, other than the ^vial one in wAuA 
Mcft tMmown is zero, is that the determinant cf the coefficients be zero. 
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Discuss the following systems of equations; 

1. x+ y+3z=0, 2. 2z- y+ 4f-0, 3. *- 3y+ 4«-0, 

x+2y+2i=-0, x+ Sy- 2r=0, 4x-12v4-l&-0, 

x+Sy- 1=0. x-ny+l4z~0. 3x- 9b+12i-0. 

4. ftr+4tf4-3*-84w=0, 5. 2*+ Zy- 4z+ 6u>-0, 

i+2v+3i~48iD-0, 3x+ 5y~- t+ 2uj-0, 

x~2y+ I-121D-0, 7x + lly~ 9z+12u.-0, 

ix+4^-~ e-24iii-0. 3i+ 4!/-ll«+13ii>-0. 

98. System of m Linear Equations in n Unknowns. The case m<n 
may be treated by means of the lemmas in §96. If m>n, we select 
any n of tlic equations and apply to them the theorems of SS ^i ^- I^ 
they are found to be inconsistent, the entire system is evidently inconsist- 
ent. But if the n equations are consistent, and if r is the rank of the 
de^oiTninant of their coefHcients, we obtain r of the unknowns expressed 
as linear functions of the remaining n — r unknowns. Substituting these 
values of these r unknowns in the remaining equations, we obtain a 
system of m—n linear equations in n—r unknowns. Treating this sys- 
tem in the same manner, we ultimately either find that the proposed 
m equations are consistent and obtain the general set of solutions, 
or And that they are inconsistent. To decide in advance whether the 
fonn.er or latter of these cases will arise, we have only to find the maxi- 
mum order r of a non-vanishing r-rowed determinant formed from the 
coefficients of the unknowns, taken in the regular order in which they 
occur in the equations, and ascertain whether or not the corresponding 
(r-t- l)-rowed determinants K, formed as in § 96, are all zero. 

The last result may be expressed simply by employing the terminology 
of matrices. The system of coefficients of the unknowns in any set of 
linear equations 

flu 11+ . . . +a,nXn--=kl, 

(15) 

a^i xi+ . . . +a«,Xi.=t>-, 
arranged as they occur in the equations, is called the matrix of the coeffi- 
cients, and is denoted by 






- ). 



Or.! O^ • ■ ■ <W / 
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By aimexing the column composed of the known terms k,, we obtain 
the Bo-called augmented matrix 



(an ai3 . ■ ■ aj, ki \ 



The definitions of an r-rowed minor (determinant) of a matrix and of 
the rank of a matrix are entirely analt^ous to the definitions in § 95. 

In view of Lemma 1 in § 96, our equations (15) are inconsistent if 
B is of rank r+1 anu A is of ranker. By Lemma 2, if A and B are both 
of rank r, all of our equations are linear combinations of r of them. Noting 
also that the rank r of A cannot exceed the rank of B, since every minor 
of A is a minor of B, and hence a non-vanishing r-rowed minor of A is a 
minor of B, so that the rank of B is not less than r, we have the following 

Thsobem. a system of m linear equatiims in n unknowns is consistent 
if and only if the rank of the matrtx of the coefficients of the unknowns is 
equal to the rank of the augmented matrix. If the rank of both matrices is r, 
certain r of the equations determine uniquely r of the unknowns as linear 
functione of the remaining n—r unknoums, which are independent vari- 
ables, ond the expreasiona for these r unknowns satisfy also the remaining 
m~r equations. 

When m = n+l, B has an m-rowed minor called the determinard of 
Oie square matrix B. If this determinant is not zero, B is of rank m. 
Since A has no m-rowed minor, its rank is less than m. Hence we obtain 
the 

CoBOLLABT. Any system of n+l linear equations in n unknowns is 
incon^stent if the determinant of the augmented mcUrix is not zero. 

B3CERCISES 

DiBCUSB the foUowing BysteniB of eqimtions: 

1, 21+ v+3«-l. 2. 2x- v+3r"2, 3. 4*- v+ «-5, 4. 4i;-5i/-2, 

4e+2v- *--3, x+7y+ r=l, 2x-3y+Bt~l, 2i+3v-12, 

2i+ y-4*--4, Zx+By-5i=a, x+ i/-2f-2, lftE-7v=16. 

lfte+6j/-6«--10. ix-Sy+2t = l. Sx - *-2. 

5. Prove the Corollarjr by multiplying the known terms by Zn+i-l and applying 
1 97 with n replaced by n+l. 

6. Prove that if the matrix of the coefficients of any systaa of linear homoE^neoiis 
equations in n unknowns is of rank r, the values of certain n — r of the unknowns mav h- 
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nnigncd at pleasure and the otben will then be uniquely determined and tatiefy all 
of the equations. 



99. Comideiiieiitaiy Minors. I'he determinaQt 



(16) 



is said to have the ^o-rowed complementary minora 



ll 


ci 


di 


h 


C2 


d. 


h 


Ca 


d. 


bt 


Cl 


d. 



M= 



I oi fci I 



M'~ 



Ci dt I 



since either is obtained by erasing from D all the rows and columnB having 
an element which occurs in the other. 

In general, if we erase from a determinant D of order n all but r rows 
and all but r columns, we obtain a determinant M of order r called an 
r-rowed minor of D. But if we had erased from D the r rows and r columns 
previously kept, we would have obtained an (n—r)<rowed minor of Z> 
called the minor complementary to M. In particular, any element is 
regarded as a one-rowed minor and is complementary to its minor (of 
order n—1). 

100. Laplace's Development by Colonuu. Any determinant D i» 
equal to the sum of all tke signed products ±.MM', where M is an r-rowed 
minor having its elements in the first r columns of D, and M' is the minor 
completnentary to M, whUe the sign is + or — according as an even or odd 
number of interchanges of rows of D wiU bring M into the position occupied 
by the minor Mi whose elements lie in the first r rows and first r coiumnt 



For r—l, this development becomes the known expannou of D according to the 
elements of the first column ({90); here Jfi^en, 
If r »2 and D is the determinant (16), 



I Oi ^ I 



\e,d,\ 
j Oi h M ci di I 



I Hi 6| I 
I oi 6) I 






1100) 



LAPLACB-S DBVBLOPMEHT 



The fint product in ihe derelopment is Mill,'', the aeoond product is —MM' (in tbe 
notationB of { 99), and the sign is mirus since the interchange of the second and third 
rowB of D brings this M into tbe poeition of Mi. The sign of the third product in 
tiie development is plus since two iDt«rchaiigeB of rows of D bring Ute flnt factor 
into the pooition of Mu 

If Z> is the determinant (8), then 



eti. 


■eu 


, Jtfl' = 


6,1 . 


'«n 





«f+lM 



.^+1. 



Any term of the product MiM\' is of the type 
(17) (-lK.«w . . . v(-lK+,r+i . ■ . V 

where n, . . . , i^ is an arrangement of 1, . . . , r derived from 1, . . . , r 
by i interchangeB, while 1,4.1, . . . , t, is an arrangement of r+1, . . ■ , n 
derived by 3 interchanges. Hence ii, . . . , 1, is an arrangement of 
1, . . . , n derived by t+i interchanges, so that the product (17) is a term 
of D with the proper ^n. 

It now follows from % 87 that any term of any of the products ±.MM' 
mentioned in the theorem is a term of D. Clearly we do not obtain twice 
in this manner the same term of D. 

Conversely, any term t ot D occurs in one of the products ±MM'. 
Indeed, I contains as factors r elements from the first r columns of D, 
no two being in the stune row, and the product of these is, except per- 
haps as to sign, a term of some minor M. Thus t is a term of MM' or 
of —MM'. In view of the earlier discussion, the sign of f is that of the 
corresponding term in ±MM', where the latto* sign is given by the 
theorem. 

101. Laplace's Development by Rows. There is a Laplace develop- 
ment of Z) in which the r-rowed minors M have their elements in the firat 
r rows of D, instead of in the first r columns as in § 100. To prove this, 
we have only to apply i 100 to the equal determinant obtamed by inter ' 
chaining the rows and columns of D. 

There are more general (but less used) Laplace developments in which 
the r-rowed minors M have their elements in any chosen r columns (or 
rows) of D. It is simpler to apply the earlier developments to the detenni- 
uant ±D having the elements of the chosen r columns (or rows) in tbe 
new first r columns (or rows). 
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2. By employing 2-rowed minora from the first two rows, show that 



3. By employing 2-raweci minors from the first two columns of the 4-iowed deter- 
minant in Ex, 2, show that the products in Laplace'e devdopment cancel. 

102. Product of Determinaots. The produd of two determinants <^ 

the sams order is equal to a determiTiant of like order in which the element 
of the r Ih row and c th column is the sum of the products of the elements of 
the rth row of the first determinant by the corresponding elements of the cth 
column of the second determinant. 



\a b \ \e / \ ae+bg af+bh 
\e d\ \s h\ \ ee+do qf+dh I 

While for brevity we shall give the proof for determinants of order 3, 
the method is seen to apply to determinants of any order. By Laplace's 
development with r = 3 (§ 101), we have 



(19) 



bi 


CI 
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C2 








In 


C3 














e,h 


01 


1 





e,h 


B 





-1 


ezh 


W 





ai bi ci 




ei /i ti 


- 


oa fca C2 




es /i «i 




03 fca C3 




« /. 93 



1102) 



PSODVCT OF DBTBRUINANTS 



125 



Id the detennin&nt of order 6, add to the elements of the fourth, fifth, 
and sixth columns the products of the elements of the first column by 
«i. /ii Sii respectively (and hence introduce zeros in place of the former 
elements ei, fi, gi). Next, add to the elements of the fourth, fifth, and 
sixth columns the products of the elements of the second column by 
e2, /z, gi, respectively. Finally, add to the elements of the fourth, fifth, 
and sixth columns the products of the elements of the third column by 
esi hi fl3, respectively. The new determinant is 

ci oiei+ftiea+cics Oi/i+bi/a+Ci/3 Oisri+tiffz+ciffs 

02*1 +'>2«2+Cae3 a^fi+b^s+cifa 0291 +6282 +caff3 

azei+baes+caez 03^1+63/2+03/3 asgi+b^a+ctga 









ai 


ti 


CI 


03 


b 


C2 


aa 


h 


C3 


1 











-1 











-1 



By Laplace's development (or by expansion according to the elements of 
the last row, etc.), this is equal to the 3-rowed minor whose elements 
are the long sums. Hence this minor is equal to the product in the right 
member of (19). 



1, Prove (18) by mesnB of 1 92. 

2. Prove that, if «,-(.* +p'+>*. 



1 1 1 




1 1 «> 




3 .1 ft 


« » y 




1 P JS' 


- 


■1 *■ <] 


«• ^ t' 




1 T T' 




»!».». 



3. If At, fii, C| ue the minots of ih, bf, C| in ttke determioftnt D defined by the seooiul 
factor below, prove thut 



A, A, 




a, b, e, 




D 


St -B. 




at bt Ct 


=. 


D 


ft ft 




a, b, c 




D 



HeDce the first C&ctor ta equal t« i)* if D^O. 
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4. Eipi^ (a*+&'+e*-MO(e*+>*+V*+AO u • xmi ol foor aquara bf wrilmg 

I «+M e-M» I I e+fi t+ld | 
I -e-hfi a-bi \ \ -g+ki e-fi \ 

as a detcnniiiaot of onbr 2 fiyp'^ar to each ^ct<^. Hint: If ifc' dmotca th* oanjiittto 
U Un eonqiln nnmbcr t, eMh at the three determiiiaiiti ■ of the fonn 

I ' 'I 



mSCELLAKBOVS BXBKCHBS 

1. Strive 

ax+by+a-k, 
a'x+bfy+A-k; 
a*x+b*v+e**-k> 

br detenniiunta tot x, treating all caaes. 

2. In three linear homogeneous equatjcme in four unknowna, piore thftt the vfthwa 
of the unknowna are proporbonal to four detenninanta of order 3 formed from the 



Factor the following detenninanta: 



H V* « 



*■ a* 1 



a b - (o+6+c)Ca+ft«+c«^Ca+6«'-H«>, 



where u ie an imaginary cube root of imily. 



had 



7. 



c d a h e d a h 

d c h a b e d a 

S. If the points (xi, yi), . . . , (xt, yO lie on a circle, prove that 



-0. 



«.»+K.' 



MiaCELLANEOUB BXBSCI8ES 



\aa'+W+af 
1 ae'+b/'-Hv' 



M'+Jb'+ge' I 

f^+ff+at' I 



10. FtDTfl that the cul 
has only nal loota. Hinti: 






ae+bg+A 
c" +»• + *'- 



irtten Dk denotca the first detenninant in Ex. 9 with all accents itaaavtd and with 
«~b, while Di and i^ are analogous minora of dementi in the main diagonal of the 
preeent determinant <A oidex 3 with x —0. Hence the coefficient of — x* is a sum ot 
squares. Since die function of degree is not lero for a negative vahie of x*, D(z) —A 
has no purdy imaginaiy root. If it hod an imaginary root r+ti, then D{x+r)~0 
would have a purely imaginary root si. But Dix+r) is of the form LUx) with a,f,k 
replaced by a—r, f~r, h—r. Hence D(i)-0 has only real root*. The method is 
applicable to such determinants of order n. 

11. If Oi, . . . , a» are distinct, solve the system of equationa 



kt~ai kt—oi 



+ ...+: 



kt-On 



-1 



(i-l. . 



,n). 



Hint: Regard Jb , it* as the roots of an equation of d^ree n in ib formed from 

the typical one above by substituting fcfor Ji^and clearing of fractions; write Jt—oj— I, 
and consider the product of the toots of l"4~ ■ • ■ ~0. Hence find Xf. 
12. Solve the equatkm 

a+x 

b+x 
X e+x 



Stmubtric FoNcnoNS 

103. Sigma Functions, Sementaiy Symmetric Functions. A rational 
function of the independent variables xi, xj, . ■ ., x. is Baid to be symmetric 
in them if it is unaltered by the interchange of any two of the variablee. 
For example, 

is a symmetric polynomial in xi, X2, xa; the sum of the first three terms 
is denoted by Zxi' and the sum of the last three by iZxi. In general, 
if f is a rational function of xi, . . . , Xn, Zt denotes the sum of t and all 
of the distinct functions obtained from t by permutations of the variables; 
such a £-f unction (le&d aigmafuridion) is symmetric in Zi, . . . , x,. 
For example, if there are three independent variables a, 0, y, 

^^a a p y' ^^a a p y p y a 

ajj a/3 OT (St ' 

In particular, 'Sa=a+0+y, Zot0, and c^ are called the three elementary 
gymmetric functions of a, fi, y. In general, 

Zai, Xa\a2, Zaia2C>3, . . . , £aia2 . . . On-i, ams > • ■ «■ 

are the elementary symmetric functions of oi, 02, ■ ■ ■ , «■■ In § 20 th^ 
were written out more fully and proved to be equal to — ci, C2,— C3, . . . , 
{— l)"c. if ai, . . . ,0, are the roots of the equation 
(1) i-+cii-'+C2X-»+ . . . +(^=0 

whose leading coefficient is unity. 
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EXERCISES 

If a, $, y are the roots of x'+px*+qx+r=0,mthe,t Sa= — p, Za0~q, aada0y — —T, 
prove that 

1. (Sa)' = So'+2So3, whence Sa'~p'-2q. 

2. Xa-SoS-2o'i9+3ofl>, whence SoV = 3r-pg. 

3. 2or>^-pr. 

4. Zc^-=(Zae)'-2afiyXa-q*-2pr. 

l{a,fi,y, flare the roots of «*+pi'+9a;*+rx+«=0, prove that 

Hint: Compute the sum, mim of the products two at a time, and mun of the squarea 
of the roots of the equation 

obtained by replacing x by Xjy in tbe given quartic equation. 
^^e^ * 

104. Fundamental Tlieorem on Symmetric Functions. Any paly- 
nomial symmetric in xi, . . . , x» is equal to an irUegral rational function, 
with integral coeffidenta, of the eUmenlary symmetric functions 

(2) Ei = 2a;i, E2 = 'LxiX2, Ei = 'LxiX2Xz, . . . , En=XiX2 . . . x, 

and 0ie co^idenis of the given polynomial. In particular, any 9ymm£tric 
polynomial vnth integrd, coefficients is equal to a polynomial in the elanentary 
symmetric functions with integral coefficients. 
For example, if n— 2, 

rx,*+rx,*+ia,+itx,mT(Bi*—2B^+iB,. 
In case r and t an integers, tbe resulting polynomial in £■ and £> has integral noefli- 

The theorem is most frequently used in the equivalent form: 
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Any pt^ynomitU symmetric in the roots t^ an equation, 

i"-Eii— •+fi2x"-»- . . . +(-l)"E, = 0, 

is equal to an integral rational function, with integral coefficients, of the coeffi- 
cients of the equation and the coefficients of the polynomial. 

It is this precise theorem that is required in all parts of modern a^bra 
and the theory of numbers, where attention to the nature of the coefficients 
is vital, rather than the inadequate, oft-quoted, theorem that any sym- 
metric function of the roots is expressible (rationally) in terms of the 
coefficients. 

It suffices to prove the theorem for any homogeneous symmetric poly- 
nomial S, i.e., one expressible as a sum of terms 

h = axi^X3** . . . Xn*' 

of constant total degree A:=>A;i+fc3+ ■ • • +&■. in the x's. Evidently 
we may assume that no two terms of 8 have the same set of exponents 
ki, . . . , kn (since such terms may be combined into a single one). We 
shall say that ft is higher than the term fcxi''X2'' . . . !„'■ if fti>Zi, or if 
ki=li, k2>l2, or if A:i = /i, k2 = l2, k3>h, . . . , so that the first one of 
the differences ii — ii, fr2 — (a, ^3—^3, . ■ . which is not zero is po^tive. 
We first prove that, if the above term A is the highest term of S, then 

For, if ki <k2, the symmetric polynomial S would contain the tenn 

oii*'a:2*'i3*' . . . x„*<; 
which is higher than h. If k2<k3, S would contain the term 

011*1X2^*' . . . *■*•( 
which is higher than ft, etc. 

If the highest term in another homogeneous symmetric polynomial 
S'is 

h'=a'xi*i'x2**' . . . I,*"', 

and that of S is ft, then the highest term in their product SS' is 
AA' = aa'xi*'+*'' . . , !,*■+*"'. 
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Indeed, suppose that SS' has a teim, higher than hh', 
(3) ca:i"+"' . . . xj'*"^, 

which is either a product of terms 

t~bxi': . . xj*, t'=h'xi^' ...xj^ 

of S and S' respectively, or ie a sum of such products. Since (3) is higher 
than hh', the first one of the differences 

h+h'-ki-ki' ln+ln'-k,-K' 

which is not zero is positive. But, either all of the differences h — ki, 
. . . , U—K Bkte zero or the first one which is not zero is negative, since 
h is either identical with I or is higher than t. likewise for the differences 
Ii'— fci', , . . , la'—ka'- We therefore have a contradiction. 

It follows at once that the highest term in a product of any number 
of homogeneous symmetric polynomials is the product of their highest 
terms. Now the highest terms in Et, E3, Ez, . . . , B,. given by (2), are 

Xl, X1X2, 3:1X3X3, . . . , X1X3 . . . Xu 

respectively. Hence the highest term in Ei'^E^ . . . E,"" is 

xi'i+i+ ...+■» J2«ii+ ...+•»... a^«.. 
Thus the hii^est term in 

is h. Hence Si=S—a is a homogeneous symmetric polynomial of the 
same total degree k as 8 and having a highest term h\ not as high as h. 
As before, we form a product ai of the E's whose highest term is this Ai. 
Then S3 = Si~ai\s& homogeneous symmetric polynomial of total degree 
k and with a highest term hz not as high as hi. We must finally reach 
a difference St— a, which is identically zero. Indeed, there is only a 
finite number of products of powers of Xi, . . . , x, of tot^ degree k. 
Among these are the parts A', h'l, h'2, ... of A, hi, Az, , . . with the coeffi- 
cients suppressed. SinceeachA«i3notaBhighas/i|_i, theA',Ai',A2't ■ > .are 
all distinct. Hence there is only a finite number of Ai. Since St—at^O, 

S=<r+Si = a+ai+S2= . . . =c+<ri+a3+ . . . +a,. 
Hence iS is a polynomial in £1, £^21 ...,£« and a, b, . . . , with integral 
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Example 1. It S— Xxfict'xi and rt> 4, we have 

g~EtEi=S+3Zxi'xtXiXt+10ZxiXtrtZ^^ 

5i-S-ff- -3 Zxi'xtXiXi-lO ZxiXtrOiXt, 

VI- -3£i£(- -3 {ZxihciCtXt+S Zziz«z>XtXt>, 

& -iSi -ffi - 5 Zx,xtt,x,xt =5 El, 

S-<t+Si = <t+9t+S,=-E^,-3 EiEt+5 E,. 
ExAHPLB 2. If S-Zx,*xtit and n>4, 

=2ii'aMi+2 Zii'ii'ii+a Sii^iiaMW 

+4 (2ii'i^ii(+6 ZziXtrtzok), 
Si=S—v=-2 Lii'ii'u-7 £xi^i*ZiXt-20 Zosi^ZiXA. 
TBke9i=— 2£(£iaiidprDceedaeinEx. 1. 

duUFLE 3. By examples 1 and 2, if n>4, 

alx,*x,\i:,+bXzi*x^''bE,'E,-l,Za+b)E,E^+ia-2b}EtE,+5(a+b)B,. 

106. Rational Fimctioiis Symmetric in all but One of tiie Roots. // 
P is a rational fundion of Vie Toota c^ an equation J(x) = o/ degree n and 
if P is symmetric inn— 1 of the roots, then P is equal to a rational fundion, 
vntk integral coe^denis, of Uie remaining root and the coetffuneTUs of f{x) and P. 

For example, P'>nii+(i)*+ai'+ ' - - +iii* is symmetric in oi, . . . , «■, and 
P = »Wi + Xai' — o, ' — ci' — 2ci +mi — m', 
if dii - ' - , Oh are the roots of equation (1). 

Since ' any symmetric rational function is the quotient of two symmet- 
ric polynomiala, the above theorem will follow if proved for the case in which 
the words rational function are in both places replaced by polynomial. 

If oti ia the remaining root, the polynomial P is symmetric in the roots 
t(2, ■ ■ ■ , On oi f(x)/ix—ai) = 0, an equation of degree n—1 whose coeffi- 
cients are polynomiala in ai, ci, . . . , c, with integral coefficient. Hence 
(5 104), P is equal to a polynomial, with integral coefficients, inai, ci, . . . , 
c« and the coefficients of P. 

' If N/D is symmetric in ai, at, and the polynomials N and D have no common 
factor, while N becomes A'' and D becomes D' when oi, ca are interchanged, Vtmi 
ND'sDN'. Thus N divides N' and both are of the same degree. Hence JV'-eJ^, 
ly^cD, where c is a constant. By again interchanging oi, oi, we obtain N from N', 
whence N^cN'-^c'N, c' = l. If c--l, we take 01=01 und see that N-N'-'-N, 
N—O, whence N has the factor oi— oi. Similarly, D has the same factor, contiBiy to 
hypothesiB, Hence €••+! and N and D are each symmetric in en, ai- 
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ExiMTLK. Ua,p, 7aretheroot8o(/(3:)»l*+pa:'+jz+r-0, find 

2 a'+g' _ a'+y 0*+?' B'+y* 
a+ff'a+ff'^a+y 0+y ' 

Solution. SEnoefl'+T'-p'— 2g— a', p+y—p—a, 



But a+p, 0+p, t4*P ^t^ the roots ^ii Vh y* f^ ^^ cubic equ&tion obtained from 
/(z)— by the aubatitution s+p-^y, i.e., x—y~p. The itsulting equation is 

j,i_2pi/'+(p»+g)K+r-pg-0. 

Since we desire the sum of the reciprocobof yi, i^, yi, we set v~l/e snd find the sum 
of the roots ti, tt, u of 

l-2pz+(j>'+q)z*+(r-pq)^.0. 

;-> a'+g' •iq*~2p'q+ipr 
pq-r 






[In Exs. 1-12, a, JJ, T ue the roots of /(i) -**+j»'+g*+r-0.1 
Using fij+a{fl+y) -J, find 

3. Why would the uae of |}t - —r/a ccmpUcat« Exa. 1, 2T Vwify thftfe 



^• 0y+a' 



^_-.M^'„„.+p„+,. 



'^-K 



4, Why would you use /Jr " —»'/•' ™ finding ^ — 
*-^ & 

B. Find^OJ+T)'. 6. Find ^(a+p-r)*. 7. Find ^ l^'p) ■ 

8. Find s necessary and sufiicient condition on the coefficients that the roots, in 
112 -3r 
soitae order, shall be in harmonic pn^ression. Hint: It -4—-- then P— 0, 

or T 3 q 

and conversely. Hence the condition is 

(f-)(f-')(f-)-(f)-«- 
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9. Find the cubic equation with the roots ffy — , cry — , otfJ — . Hint: since 

a y 

tlieseare (— r— 1)/Qr, etc., make the substitution (— r— l)/i">u. 

Find the substitution which replaces the given cubic equation by one with the roots 

10. afl+ffV, aff+Py, irr+Pj. 

2a — 1 By+3a' 

11. -=— ^. etc. 12. ——-• etc- 
S+y~a 0+y-2a' 

If a, (9, y, iare the roots of I'+pr'+gz'+rr+s-O, find 

■ -^ ff+y+s ' ' ^S+y+S-Z' 

15. Prove that if y,, y,, y, are the roots of y'+pv+g =0, the equation with the roots 

ft-(yi-yj)», zt'-ivi-yi)', «j={!/i-y»)' is 

*'+6jm' +9p^ +4p*+275' = 0. 

Hints: since Zi = ^Vi*—2yii;,—y,* — —2p+2q/y,—yi\ etc., we set t — -~2p+2q/y~]/'. 
By the Kivea equation, y*+p+q/y=0. Thus the desired substitution is z^ —p-^-^q/y^ 
y=3q/U+p). 

16. Hence find the discriminant of the reduced cubic equation. 

17. If zi, . . . , Xn are the roots of /(z) =0, show that 



^x,-t 



-r(c) 
■ /(c) ■ 



Hmt: xi—e=y,, . . . , Xa—c=Vii are the roots of 

/{c+y)=m+uf'ic)+yK )+,..-0, 
as shown by Taylor's theorem. Orwe may employ (5) for i— c. 

106. Sums of Like Powers of the Roots. If ai , . . . , a, are the roots of 
(1) /(ar)=x"+Cix"-'+caa;— '+ . . . +c, = 0, 

we write si for lai, S2 for Zai^, and, in general, 

Si=£ai*=oi*+aa*+ . . . +a«*. 
The factored form of (1) is 
(4) m = (x-ai)(x-a2) . . . (x-o.). 
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The derivative f'(x) of this product is found by multiplying the derivative 
(unity) of each factor by the product of the remaining factors and addii^ 
the results. Hence 





/'(») = ■ 


(l-«) . . . 1 


:«-«.) + («-oi)(l- 


".)... (I- 


-«.)+ 


(6) 




!'(')■ 


'l-ai x-a2 








H o is any root of (1), /(o) -0 and 








x-a 


/W-/W 

x-a 


i"-o"j^ I'-'-o- 


-+...+e.-,5: 




■ i-» ' "' i-« 






= l"-'+aa;'- 


■'+«'i-'+ . . . +c 


,(I'-'+rf 


-'+ . 






+«(»' 


—+...)+••■, 







(6) 

+ (a*+Cia*"'+C2a*-^+ . . . +Ci..ia+Ct)x"-*-'+ 

Taking a to be ai, . . . , a, in turn, adding the results, and applying (5), we 
obtain 

f(x)=7i3f~^+(jsi+nci)x'-'+{s2+ciSi+nc2)x"^+ . . . 

+{8*+ci8t_i+C2St-i+ . . . +Ct_,si+nc0a^"*"'+ . • ■ . 
The derivative of (1) is found at once by the rules of calculus (or by 
§ 56) to be 

/'(x)=n«-'+(n-l)cii"-»+(ii-2)c2X"--H . . . +(n-fc)ct3:--*-*+ .... 
Since this expression is identical term by teim with the preceding, wc have 

«1+Cl = 0, S3+CiSi+2C2 = 0, . . . , 

(7) 

St+CiSt_i+C3St_i+ . . . +Ct_|Si+ftct = (A;£n— 1). 

We may therefore find in turn si, S2, . . . , s„-i. 

(8) «1 = — Cl, S2 = Cl^ — 2C2, 83=— Cl^ + 3C|C2 — 3C3, ... . 

To find s,, replace x in (1) by ai, . . . , a„ in turn and add the resulting 
equations. We get 

(9) Si,+CiSB-i + C2Sn_a+ . . . +C,_|Si+nC, = 0. 
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We may combine (7) and (9) into 

(10) «»+eia*-,+cas*_j+ . . . +c»_,«i+fcc» = (fc=l,2, . . . , n). 
This set of fonnulas (10) will be referred to as JVewton's iderUMes. 

The student should be able to write them down from memory and, when 
writing thera, should always check the final one (9) by deriving it as above. 
To derive a formula which shall enable us to compute the 8* foi 
k>n, we multiply (1) by i*"" take x^ai, ■ . ■ , i=o, in turn, and add 
the resulting equations. We get 

(11) s«+ci«t-i+csa»_s+ . . . +(W*-."=0 (fc>n). 

Instead of memorizing this formula, it is preferable to deduce it for the 
particular equation for which it is needed, thus avoiding errors of substi- 
tution as well as confusion with (10). 

Example. Hnd «» forx"— 1— 0. 

Solution. Comparing our equation with (1), we have Ci— 0, . . ., Ca_i— 0, ea~ ~1- 
Hencein (10) for k<n, eachcia leroandst'O. But, Sotk-n, (10) becomes 8ii—n=0. 
We may check the Utter by lubetituting each root m, . . . ,a„'m our giyen equation 
and adding. Finally, to find «| when i>n, multiply our equation by ar*"" In the 
resulting equation *'— a^'^-O we subetitute each root, add, and obtain *t— »(_,-0. 
Hence from 8j we obtain an equal » by subtracting n from I. After repeated mibtno- 
tionfi, we reach a value k for which l^k^n. Bince (f or n according as ifc<n or 
ifc— n, it follows that ii=°0 or n according u { is not or is divisible by n. 



1. For a cubic equation, •»— ci*— 4ci'ci+4ciCi+2ci'. 

2. For an equation of degree ^4, ii—ci*—ici'ei+4£iet+2ei*—i\. 

3. Find *i, «i, «(, «i for x^—px+q=0. 

4. Finds* for a!'-3-0. 

6. Find 4, ■■, si, n for I'-ps+j-O. 

107. Waring's Formula for Sjt in Terms of flie Coefficients. While 
we have learned how to find si, 83, 83, . . . in turn by Newton's identities, 
it is occasionally useful to know an explicit expression for «*, where k 
has an arbitrary value. The formula in question is applied ordinarily 
only to a quadratic equation 

3^+px+g=0. 
Accordingly we shall treat this case in detail. If its roots are a and 0, 
then 

a?+px+gmix-a)(x-0). 
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Replace x by 1/y and multiply by v^. We get 
(12) l+py+qy'Ml-ay)(l-0y). 

Taking derivatives, we have 

Chai^ of signs and division by the members of (12) gives 
nv\ -p-2ffl a 

^ ' 1+W+w" 1-oy^l-ft/- 

The identity in Ex. 7, § 14, with n changed to it, may be written in 
the form 



Take r=oy and multiply the resulting terms by a; thus 

Similftr ly, 

To ehow that on adding, and writing «i for a*+^, we obttun (15), we need 
the sum of the final fractions, which by (12) is 

Hence 

where the exact expression for <p is immaterial. 

Next, we seek an expansion of the fraction in the left member of 
(13). Its denominator will be identical with that in (14) if we choose 
r» —py—fff'- Evidently (14) may be written in the compact form 

Hence it bscomes 
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where ip^i—p—gyy, although no use will be made of the particular 
form of the polynomial ^. By the binomial theorem, 



(?»+«/=')'= 2 w"'^''^^'*' 



ffIA! 

where the summation extends over all sets of integers g and h, each ^0, 
for which g+h = t, while gl denotes the product of 1. 2, . . . , i/ if i/^ 1, 
but denotes unity if g=0. Hence 

where the summation extends over all sets of integers g and k, each ^ 0, 
for which g+h^k—1. 

Since the left members of (15) and (16) are identically equal by (13), 
their right members must be identical, so that the coefficients of y*~^ 
in them must be equal.' Hence the coefficient St of j/*~' in (15) is equal 
to the coefficient of J/* ~' in (16), which is made up of two parts, correspond- 
ing to the two terms of the factor p+2qy. When we use the constant 
term p, we must employ from 2 in (16) the terms in which the exponent 
of y is equal to fc — 1. But when we use the other term 2qy, we must 
employ from S the terms in which the exponent of v is equal to k—2, in 
order to obtain the combined exponent k — loiy. Hence 3t is equal to 
the sum of the following two parts: 

p2(_l).+.ti(£|^p,^ (D+M-i-l), 
2,s(-l).t.+.(t|^5» (j+24.1-2). 

In the upper sum, write t for g+l, andj for A. In the lower sma, write 
i for g, and j for A+ 1. Hence 

' In fact, the (it— l)th derivatives of the two right members are identical, and w« 
obtain the indicated result by eubatituting ^=0 in these two derivatives and equating 
the results. Note that the final terms in both (15) and (16) have ^ aa a factor of theii 
(ifc— l}th derivatives. 
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where now each summation extends over all sets of integers i and j, each 
^ 0, for which 

(17) i+2j=k. 

Finally, we may combine our two sums. Multiply the numerator 
and denominator of the first fraction by i, and those of the second fraction 
by>. Thus 

(18) «»=AS(-1)'+'^^:^^^W, 

since the present fraction occurred first multiplied by i and second multi- 
plied by 2j, and, by (17), the sum of these multipliers is equal to k. Our 
final result is (IS), where the summation extends over all sets of integers 
i and j, each ^0, satisfying (17). 

If we replace i by ita value k—2j, and change the eign of p, we obtain from (18) 
the result that CAe sum <tflhekth powen of Uu root* of x'—px+g=0 is equal to 

-V 

-p ~kr i+^:j~p f ^:^ — p 5 + ■ ■ 

where K is the largest integer not exceeding k/i. 

The product of the roots is equal to q. Hence if x denotes one root, the second 
TOOtiaq/x. Thus 8t = z*+(g/*)*. Again, the sum of the roots iai+g/i^p. Regard 
g BB given and p as unknown. Hence, if c is an arbitrary constant, the equation 



(20) P -kqr + 1.2 g^P 

ia transformed by the substitution p-'x+q/x into 



^©' 



Hence equation (20) may be solved for p by radicals by the method employed in E 43 
for a cubic equation. 
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The above proof applies ^ without essential change to any equation 
*"+ciJ"~'+ . . . +C|,=0 and leads to the following fonnula for the sum 
of the kth powers of its roots: 

(21) ■.-ts(-i)->...^r. ''•'X; •• +;;,~"' .i-. ..v. 

where the summation extends over all seta of integer n, . . . , r„, each 
^0, for which ri+2r3+3r3+ . . . +nr,=k. This result (21) is known 
as Waring'a formuJa and was published by him in 1762. 
ExAifPLB. Letn-3,t-4. Then ri+2r^+3r.-4 and 

(r., fi, r.) - (4, 0, 0), (2, 1, 0), {I, 0, 1), ((^ % 0), 



/3I 2t 1! 11 \ 



-C'-4c,'c+4ciC+2(%*. 



1. For the quadratic x*—px+9—0 write out tliecKpreaaons for «i, ««, «t, <( given 1^ 
(19), and compare with those obtained from Newton's identities (Ex. 3, 1 106). 

2. Find », for a quartic equation by Waring's formula. 

3. For k—S, (20) becomes DeMoivre's quintic p*— Sgp'+SgV- Solve it by 
radicals for p. 

i. Solve <20) by radicals when A-7. 

108. ^-functions Expressed in Tenns of the Functions «t. Since 
we have learned two methods of expressing the St in terms of the coeffi- 
cients, it is desirable to learn bow to express any Z-polynomial (and 
hence any symmetric function) in terms of the Si. 

By performing the indicated multiplication, we find that 
SaSb^Sai"- 2ai*= 2ai"'''*+m2ai"a3*, 
where n» = l if a^b, m=2 if a=6. Transposing the first term, which 
is equal to Sa+», and dividing by m, we obtain 

(22) 2ai"a2'' = -(s,^6-s,+>). 

' See the author's Elemtntary Th«oq/ of Bquaiioru, pp 72-74, where thwo is given 
also a shorter proof by means of infinite series. 
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In order to compute ^ai*a^aj? in tennB of the st, we form the product 
Xai* • ZoiW - 2ai^aa^+ 2ai«a2'+ 2aiW«82. 
Making three applications of (22), we get 

«4(33«3-«6) = (S732-8B) + C8««a-89) + 2ai*a!Aw'. 

Henoe 

Zai*a^as' — 828384 — 8287 — 83S8 — 848s+28e. 



For a quartio eqiution, eqiTen in tenan of the st and ultimately in temn of tht 
coefficients ci, . . . , ct: 

1. Zeti*ai*. 2. Zai>a,. 

3. zoiWo- 4. z<ll^«^^ 

5. Ifa^b> e>0, prove tlist 

ZaiSiW --(«««»t( -«««»+« -***«+« -<e»o+»+2«a+»+B)t 
iriienm— lif a>b, m— 2ifa— fr. 

e. rai"ai*a,'-i{«B«»*-W»-2»»^+ft+28a+ji), o>6>0. 

100. Computation of Symmetric Functions. The method last expliuned 
is practicable when a term of the Z-function involves only a few distinct 
roots, the largeness of the exponents not introducing s difficulty in the 
initial work of expressing the Z-function in terms of the St. 

But when a term of the 2-function involves a large number of roots 
with small exponents, we resort to a method suggested by § 104, which 
tells us which auxiliary simpler symmetric fuctions should be multiplied 
together to produce our £-function along with simpler ones. 

For exBinpIe, Ui find Zzi*Z)Z|Zi, when n> 4, we employ 

To find Zzi'xi'zi'xi, employ EiEi — SxiX^fZxiXtxiXt- 

When many such products of Z-functiona axe to be computed, it will save time 
in the long run to learn and q>ply the " method of leaden " explained in the anthor'a 
EUmenlary Theoq/ oj EqitaUom, pp. 64-65. 
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HISCELLAHEOnS EXERCISES 
Ebq>reM in terms of the coefficients e , c^: 

1. ZoiWn. 2. £a,*a,'a,. 3. Zii,<iii>am. 4. 2c>i^*ai'. 



If a, ff, y are the roots of x'+px''+g3!+r =•(), find a cubic equation with the roota 

5. a*, &*, t'. e. a(S, ay, Py. 7. -, -, -. 

a (Ty 
8. «>+(!', flr»+Y», i3'+7'. fl. o'+<tf +^', etc. 

lla,0,y, (are the roots of i'+pi'+gz'+«+»—0, find 

12. Express Xa'at'ca'at' in tenns of the st when (i) a>b>c>d>0, and (ti) when 

13. By solving the first k of Newlon'a ideatitiea (10) as a system of linear equations, 
find an expression in the form ot a determinant (i) tor at in terms of ci, . . . , ci, and 
(ii) for ct in terms ot si, . , . , b*. 

14. One set of n numbers is a mere rearrangement of another set if Si, . . . , ■. 
have the same values for each set. 



Eliminatiok, Resultants and Discbdiinants 

110. Eliminatioii. If the two equations 

ax+b = 0, cx+d=0 (o^O, c?iO) 

are simultaneouB, i.e., if x has the same value in each, then 

x= — = — , R=ad—bc = 0, 

a c 

and conversely. Hence a necessary and sufficient condition that the 
equations have a common root is R = 0. We call R the resultant (or 
elimituirU) of the two equations. 

The result of eliminating x between the two equations might equally 
well have been written in the form bc—ad=0. But the arbitrary selec- 
tion of R as the resultant, rather than the product of R by some constant, 
as —1, is a matter of more importance than is apparent at first sight. For, 
we seek a definite function of the coefficients a, b, c, d of the funcliona 
ax+b, cx+d, and not merely a property ^=0 or ^,^0 of the correspond- 
ing equations. Accordingly, we shall lay down the definition in § 111, 
which, as the reader may verify, leads to iZ in our present example. 

Methods of elimination which seem plausible often yield not R itself, 
but the product of R by an extraneous function of the coefficients. This 
point (illustrated in § 114} indicates that the subject demands a more 
careful treatment than is often given. 

111. Resultant of Two Polynomials in x. Let 

be two polynomials of degrees m and n. Let ai, . . . , a,, be the roots 
of /(a;)=0. Since ai is a root of g(x)=0 only when g{ai)=0, the two 
equations have a root in common if and only if the product 

C(«i)fl(«2) . . . ffCO 
143 
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18 zero. This syminetric function of the roots of /(x)— is of degree n 
in any csie root and hence is expressible as a polynomial of degree n in the 
elementary symmetric functions (§ 104), which are equal to — oi/oo, 
os/oo, .... To be rid of the denominators oq, it therefore suffices to 
multiply our polynomial by oo". We therefore define 

(2) R{f, g) =ao"ff(ai)ff(«a) ■ . . sia^ 

to be the resuUant of / and g. It equals an int^ral rational function of 
do, . . . , Om, &o, . . . , b« with int^p^ coefficients. 



1. If m-1, n-2, a(J. a)''iw,*-}htwi+btat'. 

2. UM-2,n-l, fl(/,ff)-0((b^i+(h)(6<m+W-<iA»-BiWi+o.6.',»inoe 

3. If A, . . . , At ue the roots of g(.x) —0, so that 

g(a^ - Wd-lSi) (ot-A) . . . {a|-AO, 

«(;.»-o.'!»."(<«-iSi)('»i-A... ("t-M 
■(«-A)C<«i-A)...(<«i-AO 



•{<*--Pi){««-A) . . . (««-Ai). 
Mult^)]ring togetiier tbe differences in each oolunm, we see that 

B(/.Il)-(-l)""6.'y(A)/(A) . . .f(Pn)-(-l)'"Rie,fi. 

4. Uni-2,n-l, B(ff./)=i>cy(-VW-**i'-ai&i*i+ai6.',Triucliisequaltofi(/,p) 
by Ex. 2. This iUuatrates the final rwult in Ex. 3. 

B. If m-n-2, R(f, g) =a«'bt'ar^*+a,'b,^^(a,+at) 

+<i,'6A(ai'+c.i*)+a.'&iW»i+ao%ifi.Co.+<i)+Oo%,' 
- bo'oi' - fcofcioiOi +6 A(oi' -2 floOi) +6i'iioiii -6i6ni«ii +oi*i'. 
This equals R(g, /)> since it is unaltered when the a'a and b'a ue interchanged, 
fl. Prove by (2) that R is homogeneous and of total degree m in bti - • - ■ &•; and 
by Ex. 3, that R is homogeneous and of total degree n in Of, . . . , Ob- Show that JI 
has the terms oo*6»" and ( — l)""6("(ii,". 

7. fl(/,Wh)-R</,Bi)-fiC/,ft)- 

8. R(f. «")-(-l)""ii(3;",/)-(-l)-"«.". 
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112. ^lTeBter*s Diatytic Method of EliminatioiL' Let the equations 

/(i)aoo*'+oia:*+O3a:+O8=0, (?(a:)M6oa^+6ix+ft3— 

have a common n>ot x. Multiply the first equation by x and the second 
by r* and x in turn. We now have five equations 

aox*+aix'+a3a^+a3« =0, 

OoX* +010^+021+08 = 0, 

6oz*+6iJ»+63a?' =0, 

ioi^+bir'+baa: -0, 

iiox^+bii+fea-O, 

which are linear and homogeneous in x*, a^, :^, x, 1. 

Ol 03 08 



9(597) 



(3) 



00 oi oa 03 



must be Eero. Next, if F=0, there exist (§ 97) values which, when 
substituted for x*, x^, x', x and 1, satisfy the five equations. But why is 
the value for x^ the fourth power of the value for z, that for x^ the cube of 
the value for x, etc.? Since the direct verification d these facts would 
be very laborious, we resort to a device to show that, conversely, if f —0 
the two given equations have a root in common. 

In (3) replace as by os— z and consider the equation 



do 


Ol 


03 


09- 


s 





an 


01 


aa 


03-J 


It> 


h 


6. 











bo 


h 


!« 











b, 


h 


h 



To prove that it has the roots f(fii) and /(fit) , where ^i and $2 are the roots 
of g(x) ~0, we take Z'^fifi^ and prove that the determinant is then equal 
to 2ero. For, if we add to the last column the products of the elements 
■Given without proof by Sylveeter, PkHotopkiad Magazine, 1S40, p. 132. 
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of the first four columns by ft*, ft^, ft^, ft, respectively, we find that all 
of the elements of the new last column are zero. 
Since (4) reduces to (3) for 2 = 0, it is of the form 

in which the value of k is immaterial. By considering the product of 
the roots of this quadratic equation, wc see that 

Hence the Sylvester determinant F is the resultant R{g,f) and hence 
is the resultant R(J, g), since mn is here even (Ex. 3, § 111). 
In general, if the equations are 

/{x)=aoX*+ . . . +o„=0, g{x)^b^+ . . . +6.=0, 
we multiply the first equation by r""', i"-*, , , . , a;, 1, in turn, and the 
second by x"*"', x""*, , . , , i, 1, in turn. We obtain n+m equations 
which are linear and homogeneous in the m+n quantities z"+"" ', . . . , 
«, 1. Hence the determinant 

oo ai 02 . . . a« 

00 0112 ...0.0 

Of, ai 02 . . . a„ . . . 



F- 



. . . . 


. tki a\ az 




6o 6l . 


h. 




6d I>i 




h. ... 



. . 6o 6i 6, 

is zero. It may be shown to be equal to the resultant R{S, g), whether 
mn is even or odd, by the method employed in the above casern = 3, »i=2. 
We may also prove as follows that if F = the equations /=0 and 
(j = have a common root. Since F was obtained as the determinant 
of the coefficients of 

x»-i,...,4J, sT-^g, . . . , xg, g, 
F=0 implies, by § 96, Lemma 2, the existence of a linear relation 
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identically in z, with constant coefficients £oi • 
In other words, /S/+a£f=0, where 



, Xn-i not all zero. 



(6) 



=^oz"" 



. . +A„.iC+A„.i, (3=B6x"-'+ . . . +B,_i»+B,_ 



Neither a nor )3 is identically zero. For, if a^O, for example, then 
flf sO and (3=0, whereas the A, and B, are not all zero. 

Consider the factored forms of /, g, a, ff. Suppose that / and g have 
uo common linear factor. The highest power of each linear factor occur- 
ring in/ divides af/Bi—fi^ and hence divides a. Thus / divides a, whereas 
/ is of higher degree than a. Hence our assumption that /=0 and 0=0 
have no common root has led to a contradiction. 

A similar idea is involved in the method of elimination due to Euler (1707-17S3). 
If/"0 and p=0 have a common root c, then/"{i— t)a, — i7 = (i— c)5, identically in 
*, where a and are polynomiftla in i of degrees m— 1 and b— 1, respectively. Give 
them the notations (6). In tlie identity Pf+ag^O, the coefficient of each power of x 
is lero. Hence 



OgSg 






-0 



Since these m+n linear homogeneous equations in the unknowns B(, . . . ,Bk-i,Ai,, .... 
Am^ 1 have a set of solutions not all zero, the determinant of the coefficients ii lero. 
By intOTchau^ng the rows and columns, we obtain the determinant (6) 



1. fbr m*'n»2, show that the resultant is 

On ai at 
bt bi b, 
bt bi b. 
Interchange the second and third rows, apply Laplace's development, and prove that 

irttere (ogbi) denotes ogbi— otbo, etc. 
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A Oi A 

a* ot "t ot 

Of di ot A 

ti bi bt 

b. bi b, b, 

h, b, b, b. 



Ot A « A 

b, b, b, b, 

A A A A 

b. 6, b, b, 

A A A A 

6. b. bi b. 

To the weond detenninaat appfy iMphnxi'* derelopmsit, selecting minon from thg 
fint two TowB, utd to the oomplentenbiiy minon npply a Hunilar derdopment. Thk 
may be dime by iupedioa and the foUowins value of —R will be obtained: 

(oA) { (Ab.)(Ab>) -(AM'+(Ab,)(i>.b.) I 
-(Ab.){(aA)(Abi)-(a.b.Ka,b,)) 

+(Abj{(A6i){A6.)-(Ab,)'l. 

The third term of the fiist line and the fint term of the last line are alike. Hmoe, 
i*hi\ngiiig the ngne, 

JI-(Abi)'-2 (Ab.)(AbO(Abi) -(Abi)(<>«6>)(Ab.) 

+(a6i)'Ca6,) +{Abi){<i.6.)*- (oA) CAfi.){A6.). 
Other methods of simplifyii^ Sylveator's determinant (S) are siven in { 113. 

113. Btenit's Method <^ Elmimatloa. When the two equations are 
of the same degree, the method published by B^zout in 1764 will be clear 
from the example 

/-aozS+oii^+aax+as-O, g=bo3?+bis^+b2X+ba-0. 
Then 

aog-bof, 

(7) (acx+ai)g-{boz+bi)f. 
(a(^+aix+a2)g--ib(^+btx+b2)f 

are equal respectively to 

(aobOr' +(aob2)x +Cao63)-0, 

(8) (ao62)r'+ \(aobs)+(aib2)]x+{aib3)~0, 
(0063)3^ +(ai6B)x +(oAi)-0. 



IIUI 
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where (aobi)«aoI>i~aiV etc. Hie detenninant vi the coeffideots is the 
ne^tive of the resultant R(J, g). Indeed, the ne^tive oS the detcnni- 
naot is easily verified to have the expansion given at the aid at Ex. 2 
just above. 

To giTB a more inatiuetire proof of the bst fact, not* that, by (7), eqnatioiH (8) 
an HttCM comMmtifWM of 

jty-0, #-0i f-0, xV-0, 3»-ft 0-% 

the latter bdng the nquationa used in SjlTMter's method of »limiin^iin« The dete^ 
minuit tA the oocfficieiita in these six equationa is the first detenninant A in Ex. 2 just 
above. The <^)ei«^n8 carried out to obtain equaticuia (8) are seat to correqioiid 
step for step to the following operations aa det«nuinant8. To the products of the el^ 
nwnta of the fourth row by ot add the products of the elements ot the lat, 2nd, 3nl, 
6th, 6th rows by — (>■, — h, — bi, ii, oi re^iectiTely [correspooding to the fonnatkn 
of the third functwn (7)). To the products of the danents of the fifth row t^ <■• add 
the products of the ekntents of the 2nd, 3rd, 6th rows by —bt, — 6i, Oi reqieetivdy [cor- 
responding to the second function (7)|, Finally, to the pioduetB of the donents of the 
sixUi tow by oi add the products of the demaulB of the third row by —6a [corre^MXidiBi 
to a^—btf]. Boice 



(a.6.) (a,M (oM 

(oJh) {oA)+(a,6.) (<i,W 
(oA) (0.6,) ioA.) 







•o that R is equal to the 3-rowed minor aidoaed by the dots. The method of B^aout 
therefore BUggesIs a definite procen for the reduction of Sytveater's detenninant of 
Older 2n (when m-n) to one of order n. 

Next, for equatuns of different degrees, consider the ezanq)le 



Hien 



/— a,i*+aiZ'+Oi*'+(w:+in, B"iw:'+6il-f-V 
a^^-bj, (orf+a,)*V-(l».«+W 



are equd respectirdy to 

(o.bi)i'+(o»W«' -oAi* -otbii, 

(iiA)i'+((aiM-«Ao}a;>-|oA+o,6,)i-aA. 

^le detenninant of the coefficients of x', r', x, 1 in these two functions and xg, g, after 
the first and second towb are interchanged, is the detenninant of order 4 enclosed by 
•Ma in the seoond detwminant below. Hence it is the resultant R(f, g') . 
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As in the former example, we shall indicate the correaponding operations on Syl- 



vester's determinant 



0* di oi oi ot 
<io ai ot Qi ot 



b. b, 6, 



b, b. 



Multiply the elements of the third and fourth rows by an. In the resultii^ d 
ag'/i, add to the elements of the third row the products of the elements of the first, 
second and fourth rows by — bg, — bi, ai/ot respectively. Add to the elements of the 
fourth row the products of those of the eecood by — bt. We get 



(«W 


(«,«-«,!. 


-aA-aJ>a 


-oJ» 


(«*.) 


(-M 


-at. 


-oA. 


h 


b, 


h 






leRia equal to the minor enclosed by dots. 



1. For m— 3, n— 2, apply to Sylvester's determinant R eicactly the same operations 
B used in the last case in J 113 and obtain 

(otbt) (oiW -oibf -otbi 
A- (aobi) (fflob,) -0.6. . 

2. Ftor m-n-4, reduce Sylvester's S (as in the first case in j 113) to 

(oA) (Qob,) (aA) Ca.6,) i 

(ooS) (a,b.) + («.b,) (ao^)+(<I■W {aiW f 

(aob.) (oA)+(aib,) {a,b0+(aibj (oA) 

(oob,) (flibO (oA) (flM I 
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114. General Therein on ESimiaattoo. // any method of eliminating 
X between two equations in x kada to a relaiion F = 0, where F isa polynomial 
in the coefficients , then F has as a factor the true reauUant of the equations. 

Some of the preceding proofs become simpler if this theorem is applied. 
For example, determinant (3) is divisible by the resultant R. Since the 
diagonal term of (3) is a term oo^bz^ of R (Ex. 6, § 111), F is identical 
withfi. 

The preceding general theorem is proved in the author's Elementary 
Theory of Equaiiona, pp. 152-4. We shall here merely verify the theorem 
in an instructive special case. Let 



9^hc^+bix^+bax+ba=0 



f^ao3^+aiiP+a2X+a3 = 0, 
have a common root x^O. Then 

-bof+afig=(,aiibi)x^+(.acb3)x+(a^a), 
ib3f-a3g)/x= ia(}i)3)x'+(,aiba)x+(a2b3). 
By Ex. 1 of § 112, the resultant of these two quadratic functions is 

I (oobs) (aobi) p I (0063) (oobi) j I (0163) (oofea) I 
(0063) I I (0163) (0062) I I (0263) (oofcs) I ' 

This is, however, not the resultant R of the cubic functions/, g. To show 
that (0063) is an extraneous factor, note that the terms of F not having 
this factor explicitly are 

(oo&i) (0263) { (floti)(a2t'3) — (0062) {oibs) ) . 

-(ao&3)(oi62), since, as in Ex. 2 



F= 



The quantity in brackets is equal to - 
of § 101, 



0=§ 



do ai 



Oft ai az as 



6a bi 



= ^<lo6l) (0263) - (ooba) (oits) + (oo&a) (oifca) ■ 



We now see that F=(aob3)R, where R is given in Ex. 2 of § 112. This 
method of ehmination therefore introduces an extraneous factor (0063). 
The student should employ only methods of elimination (such as those 
due to Sylvester, Euler, and B^zout) which have been proved to lead 
to the true resultant- 
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BXERCISBS 

Find the result of eliminating z tuid hence find all sets of eommon solutions of 
1. «'-v'=9, xy-&y. 2. j!«+if«-25, x^+S{e-l)x+e(3,'-2S)~0. 

3. When x'+ax+b —0 baa a double root, what 3-rowed determinant ia aaof 

4. Find the roota of x'+3ar«+32*'+67a;'+32i+6S-0 by S 79. 

lis. JHscriminauts. Letori.-- ., om be the roots of 

(9) /(i)=aoi-+aii— •+ . . . +0.-0 {ao^O), 
BO that 

(10) f{x)=ao{x-ai){x-ai) . . . (x-««). 
As in § 44, we define the diBcnminant of (9) to be 

D=a(i*'-\ai-ci2)Hc\~cis)^ . ■ ■ (ai-Oi»)"(a2-er8)* ■ ■ ■ (a»-i-a«P. 

Evidently D is unaltered by the interchange of any two roots. Since the 
degree in any root is 2(Tn— 1), the symmetric function D is equal to a 
polynomial in ooi • ■ ■ , a*- Indeed, (io^~' ia the lowest power of oo 
Hufiicient to cancel the denominiitors introduced by replacing lai by 
— ai/do, . . . , aiaz . . . a. by ±a«/ao. By differentiating (10), we see 
that 

/'{«i)=ao(ai— ot2){«i— to) . • . (ai— «■), 

/'(a2) = ao(a2— aj)(a2— 03) ■ ■ - ("W— «■), 

/'{a3)=ao(o3— «l)(«3— 02)(03— «*) . . . (03— «».), 

etc. Hence 

ao*"V'(«i) ■ . ./'(«-)=ao*"-'{-l)'"'" ■ ■ ■ +"-'(«i-02)^ . . . (a»_.-a,)2 

= (-l)^~aoZ). 
By (2), the left member is the resultant of /(x), /'(x). Hendie 
ai) D'i-lf^^Rif.r)- 



DISCRIMINANTS 



1. Show tiut the discrimiiiuit of f^y'+py+q^O is —4p*—27q* by evaluating 
die detennmiint of order five for R(f, f). 

2. Prove that the discnminaDt of the product of two functions is equal to the prod- 
uct of their diBcriininanta multiplied by the square of their resultant. Hint: use 
the eitpressions in terns of the differences of the roots. 

3. For On— 1, show that the discriminant is equal to 



irtteie •!-<<■'+ . . . +aj. See Ex. 4, | S8; Ex. 2, { 102. 

4. Hence verify that the discriminant of x'-i-px+q-^O is equal to 
-2p 

-2p -Zq = -4p»-27g'. 

-dq 2p' 

5. By means of Ex. 1, S 113, show that the discTiminaat of oox'+aix'+oiX+at —0 is 

2a, 

2a, 

» ISaoaiO^Oi — 4aoai'— 4ai'ai+ai'ai'— 2700*01'. 



f the points of intersection 



MISCEIXAHEOUS EXERCISES 

1. Find the equation whose roots are the al 
of two general conies. 

2. Find a necessary and sufficient condition that 

/{i}i=i'+pi'+7i'+n+j.-0 

shall have one root the negative of another root. When this condition is satisfied, 
whatare tbequadraticfach)raa(/(z}? Apply to Ex. 4, { 74. Hint: add and subtract 
/(i)and/{-i). 

3. Solve /{a;)ea!'-6a;>+13i»-lti;+6-0, given that two roots a and & are such 
that2a+P=5. Hint: /(i) and/(5-2i) have a common factor. 

4. Solve i'+pi+g=0 by eliminating x between it and a;*+tir+tu—y by the greatest 
oommon divisor process, and choosii^ u and w so that in the resulting cubic equation 
for y the coefficients of y and y* are zero. The next to the lost step of the elimination 
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pvM X as a ntional function of y. (TtchiralttUMn, Ada EnidU., Ltpaiae, II, 1683, 
p. 204.) 

5. Find the preoeiliiig ^ubic aa follows. Multiply z'+kc+w~v by x and replac* 
3? by —px—q; then multiply the resulting quadratic equation in x by x and replace 
X* by its value. The detenninant of the coefficients of z*, z, 1 must Taaish. 

6. Eliminate y between y'— p, x-ry+iy*, andget 

r'-3rwr-(rV+«V)-0. 

Take ■■•land chose r and nso that this equation shall be identical withx*+pz-|-{— 0, 
and hence solve the latter. (Euler, 1764.) 

ial« V between v'-v, x— /+«y+y*andset 

' f- 



This oubio equation in x may be identified with the Reneral cubic equation by choice 
of e, /, t>, Hence solve the Utter, 

8. Detennine r, f and i> m that the I'caultant of 

. x+r 

y..., , = _- 

shaU be idenUcal with x'+ja+q -0. (Bitout, 1762.) 

9. Show that the feduction of a cubic equation in x to the form y'— n by the sub- 
stitution 

r+*y 

is not essentially different from the method of Ex. 7. (Multiply the numerator and 
denominator of X by 1— y+y'.] 

10. Prove that the equation whose roots are the n(n— 1) differences x^—n ot the 
roots of /(z)'0 may be obtained by elimioatii^ z between the latter and/(z+t/)*0 
and deleting from the eliminsnt the faetAr y* (arising from y^x/^xj^Q). The 
equation free of this factor may be obttuned by eliminating z between f{x) — and 

{f(x+y)-f(x))/v~nx)+nx) i^ +■ ■ ■ +/"'<'> ! .f „ -o- 

This eliminant involves only even powers of y, so that if we set y'^s we obtain aa 
equation in z having as its roots the squares of the differences of the roots of f{x) * 0. 
(Lagrai^ RiaohUion dea iqiiationt, 1798, { 8.) 

11. Compute by Ex, 10 Che f-equation when /(x)—x*+ps+9- 
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THE FUNDAMENTAL THEOREM OF ALGEBRA 

Theorem. An equation of degree n with any complex coefficierUa 
/(2)-2"+aia'-'+ ...T-o,=0 
hat a complex (real or imai/inary) rot^. 

Write z=x+t}/ where x and y are real, and similarly ai=ci+id%, etc. 
By means of the binomial theorem, we may express any power of z in the 
form X+iY. Hence 

(1) m = <i,(x,y)+Mx,y), 

where ^ and ^ are polynomials with real coefficients. 

The first proof of the fundamental theorem was given by Gauss in 
1799 and simplified by him in 1849. This umpUfied proof consists in 
showing that the two curves reiHesentcd 1^ ^(x, v)=() &Qd ^(z, y)=0 
have at least one point (xi, yi) in common, ao that zi^Xi+iyi is a root 
of /(z) =0. This proof is given in Chapter V of the author's Elementary 
Theory (^ Equatione. 

We here give a shorter proof, the initial idea of which was suggested, 
but not fully developed, by Cauchy.^ 

Lemma 1. aiA+asA^+ . . . +aji* is less in abedute valve than any 
aaaigned positive number p for qU complex values <^ h su^ieierMy small in 
absolvie value. 

The proof differa from that of the auxiliary theorem in § 62 only in 
reading " in absolute value " for " numerically." 

We shall employ the notation \z\ for the absolute value -^'>/j?-\-'\f^ of 
t^x+iy. 

< For & histoTx of the fundAioeDtal theorem, see Eneydapidie dm actsnow motM- 
w I, vol. n, pp. 189-205. 



Lemma 2. Given any positive number P, we can find a positive number 
R such that \f(z) \>Pif\z\>R. 

The proof is analogous to that in § 64, We have 

fiz) = z''il+D), Z)^ai(^)+ . . ■ +«-(^)" 

Since (Ex. 5, § 8) the absolute value of a sum of two complex numbers 
is equal to or greater than the difference of their absolute values, we have 

|/W|i|«|-(i-|J>ll. 

Let p be any assigned positive number <1. Applying Lemma 1 with 
h replaced by 1/z, we sec that | D | <p if | 1/z | is sufficiently small, i.e., 
if p = l z 1 is sufficiently large. Then 

|/(j)i>p'*{l-p)iP 

if p"^P/{l — p), which is true if 



'Vt^" 



This proves Lemma 2. 

Lemma 3. Given a complex number a such thai /(a) ^0, toe can find 
a complex nuTnber z }or which \ f(z) \ < ] /{a) [. 

Write z = a+h. By Taylor's theorem (8) of § 56, 

f{a+h)^f(a)+f'(a)k+ . . . +rC«)-^+ ■ ■ ■ +/'-'(fl)-^. 

Not all of the values /'(a), f"{a), . . . are zero since /'"'(o)=n!- Let 
/">(o) be the first one of these values which is not zero. Then 

/(«+A) _, ./"^'W ft: , I /'"(a) hr 

fia) '^ f{a) Vr •■■^ m 'nV 

Writing the second member in the simpler notation 

g(h)^l+bh'+ch'^'+ . . . +yi", b^O, 

we shall prove that a complex value of A may bo found such that | g{k) \ < 1. 

Then the absolute value of f{z)/f{a) will be <1 and Lemma 3 proved. 

To find such a valus of h, write h and b in their trigonometric forma (§ 4) 

A = p(cosff+f sine), t=| 1 1 (cos^+isin/S). 
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Then by § 5, § 7, 

bh.'~\ b |p'{ cos 03+rS)+isiii (jS+rfl)}. 

Since A is at our choice, p and angle 9 are at our choice. We choose 
BO that ^+rS"180°. Then the quantity in brackets reduces to —1, 
whence 

g{h) = {l~\ b \p')+hr{ch+ . . . +tt-'). 

By Lemma 1, we may choose p so small that 

|cA+...+Ift-M<|h|- 

By taking p still smaller if necessary, we may assume at the same time 
tiiat|b|p''<l. Then 

|ff(A)|<(l-|6|p')+p1M, I(?WI<1. 

Minimum Value of a Continuous Function. Let Fix) be any poly- 
nomial with real coefficients. Among the real values of x for which 
2ii£3, there is at least one value Xi for which F{x) takes its minimum 
value F(xi), i.e., for which F(,xi)SF{x) for all real values of x such that 
21xS3. This becomes intuitive geometrically. The portion of the 
graph of y=F{x) which extends from its point with the abscissa 2 to its 
point with the abscissa 3 either has a lowest point or else has several 
equally low points, each lower than ail the remaining points. The arith- 
metic proof depends upon the fact that F{x) is continuous for each x 
between 2 and 3 inclusive (§ 62). The proof is rather delicate and is 
omitted since the theorem for functions of one variable x is mentioned 
here only by way of introduction to our case of functions of two variables. 

We are interested in the analogous question for 

G(x,y) = <t^(x,y)+^(x,y), 

which, by (1), is 'the square of | /(s) |. As in the elements of solid analytic 
geometry, consider the surface represented by Z = G(x, y) and the right 
circular cylinder a^+i/^ = fi^. Of the points on the first surface and on 
or within their curve of intersection there is a lowest point or there are 
several equally low lowest points, possibly an infinite number of them. 
Expressed arithmetically, among all the pairs of real numbers x, y for 
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which x'+v^^iP, there is^ at leaBt one pair xi, yi for which the 
polyBomial G{x, y) takes a minimum value (7(xi, vi), t.e., for which 
G{x\, vi)^6(i, y) for all pairs of real numbers x, y for which x'+j/'^fi'. 

Proof of the Fundamontal Theorem. Let z' denote any complex 
number for which /(;') ^Q. Let P denote any positive number exceeding 
I /(O !■ Determine H as in Lemma 2. In it the condition | z | > fi may 
be interpreted geometrically to imply that the point (x, y) representing 
Z'^x+iy is outside or on the circle C having the equation x*+j/^ = fi^. 
Lemma 2 thus states that, if 2 is represented by any point outside or on 
the circle C, then |/{z) \>P. In other words, if |/(z) \SP, the point 
representing z is inside circle C. In particular, the point representing z' 
is inside circle C. 

In view of the [H«ceding secUon on minimum value, we have 

G(xi,vi)<G{i,v) 
for all pairs of real numbers x, y for which x'+j/^^A^, where zi, vi is one 
such pair. Write zi for x\+iyi. Since |/(z) |^™G(x, y), we have 

for all 2's represented by points on or within circle C Since z' is repre- 
sented by such a point, 

(2) \Hzi)\^W)\<P. 

This number zi is a root of /(z)=0. For, if /(zi)^O, Lemma 3 shows 
that there would exist a comj)lex number z for which 

(3) l/WI<l/(*i)l- 

l^ten |/(z) \<P by (2), so that the point representing z is inside circle C, 
as shown above. By the statement preceding (2), 

l/WISI/WI. 

But this contradicts (3). Hence the fundamental theorem is proved. 

' WarlmiMM and Morle^, Introduction to the Theory iff Analytie Fvneiioni, p. 79, 
prove that a rc&l functioD of two vadablee which ia contmiunu thorougbout a clMed 
Kgion has a minii™"" value at some point of the r^ion. 
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I. Si. J. S. J. -20+aOi. 4. -!. 5. (8+2V3). 

'•«»+^)-H(2VS-3).-. 7.^+||. 8. ?;^+^-^ .0. Ye.. 
13. 3,4aiid-3, -4. 14- ±(5+fl0- 15- ±(3-2t). t6. ±[c+(i+(c-(Oil- 

a. -3, -3w,-3<«'i i, «i; «H; fi-oo«40"+i8m40°, ««, «•«. 

3. ±(l+i)/v'2; ±(l-t)/^; ±-*- 

PageQ 

4. -l,ccsX+iBiiiA(il-36%108'',262°,324''). 6.fi>,A',JP. 

Pif* 10 

5. P(P-1). 6. (p-lK4-l)(r-l)ifT.-pgr. 

Pm«i3 

I. 61. X 13. 

I. Ram. 11, quot. I'+Sr+S. 2. -61, 2x*-4b'+7j:»-143:+30. 

3. -0.050671, *"+6.09a:+10.648l. 4. ii'-j-6, i+2; 4,3, -2. 

5. ii-T-O-O, 3, -2. 6. 2*^5. 7. ai:'-i+2. & at'+l. 

Page 17 
I. i»-3i'+2x-0. 3. a:*-5r»+4-0. 3. a:*-l&r»+81-0. 

4. x<-Sx>+ftc>-7x+2-0. 5. 6<-4(ic. 7. By theorem in 118. 
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Page 10 
I. x'-Qx'+llx-Q=0. a. a:*-&r»+16-0. 

3. 1, 2. 5- 4, f, -f 6. 1, 3, 5. 7- 1. 1, 1, 3. 

8. 2, -6, 18. 9- -3, 1. 5- «>. B, 2, -1, -4. 

II. i/'-(p'-2?)y+g>-0. 13. ff'-(p»-3p3)y+3'-0. 

13- (i) !/'-!/Cp'-3pg)/5+g-0. 14. pT-g'. 

(") V-g(p'-2g)j(+g*-0. ij. 2,4, -6. 

(m) y'-(p+p/g)y+2+g+l/?-0. 

Pag* 30 

I. 5, -1±V"I3. 2. 1±», 1±V2. 

3. i'-7a;'+19a;-13=0. _ 4. 4, 1 - V-S, x'-&r>+14a:-24-0. 

6. ±1,2_±V'3. 7. V3, 2±£. 9. x>~^'~ix+imO. 

10. 2+^3, a!»+?a:+2=0. 11,13. Not necessarily. 13. No. 

Page 33 
I. 19i, 3. 3. 6. 3. 2. 4. 3. 5. 0, -7, -f 

P«ge3S 

I. _l, _l, -6. 2. -2, 3, 4. 3. 1, 3, 6. 4. -2, -4. 5. None. 

Page 37 
I. 2, -I, -4, 5. 3. 9. 3. 8, 9. 4. -12, -36. 5- 2, 2, -3. 

Page 28 
I. 1, 3, 9, i 3. 1, i, J. 3- -i- 4. I, -i, -i- 5- i, -i, i 6. -i i, J. 

7. i & i 10. ar»-12a:-12-0. 11. i'-3j'-12x+M-0. 

Page 30 

J. 1,4. 3. -1,-4. 3. 0.7,-5.7. 4. -0.7,5.7. 5. 2,2. 6. Imaginary. 

Page 40 

5. ar'+a;*-4i'-3z'+3z+l-0. 6. -ia±-^^), §('±"^45). 

io. See (11), S32. 

11. Edgea roots of i'- 7i'+12r— u =0, all real (J45) and irrational. 

14. A^area, c = hypotenuse, squares of legs i(c'±'v'c'— 16A'). 

15. A area, a, b given sides, square third side is a'+b'±2-^a*b'~4&'. 

16. i/*-2y'+(2-p')y'-2y+l=0, pes. rootfl 0.09125, 10.95862. 



Page 44 

3. g^2, R+R»+R"+B*, etc., I'+z'-iz + l-O. 

4. a~2, R+RJ, B'+R'j_R'+RK 5. i(l±v^-3), K-S^V^). 
6. -1,2±V3, JiiV-S. 7. 1,1,1, -l,i(l±V-15). 

8. -1, -2, ~4,i(-5±V^). 

Page 46 

1. -5, K5±V33). 3. -6, ±^^^. 3. -2, l±i. 4. i,4^C- 2^=^13). 

Page 48 
1. a--400,one. 3. i-4-27-121, three. 3. A -0, two. 4. i=0,two. 

Page 49 

I. -4, 2±v'3. 3. See Ex. 1, H7. 

3. 1.3569 4. -1.201639 5. 1.24698 6. 1.1642 
1.6920 1.330058 -1.80194 -1.7729 

-3.0189. -3.128419. -0.44501. -3.3914. 

Page 51 

1. l,-l,_4±v'6. 3.-1,-2,2,3. 3. l±i, -liV^. 

4. 1±V2, -1*^-2. 5. 4, -2, -l±i. 

Page 54 (bottom) 
I. (-3,9). 3. 4= -250000, 1-3, -2, ±». 

3. (3, 9), (-2, 4). 4- A-3. $. 6.856, 7. 

Pages 59, 60 

3. 2.1. 3. (-0.845, 4.921), (-3.155, 11.079); between -4 and -5. 

4. 1.1, -1.3 5. Between and 1, and -1, 2.5 and 3, -2.5 and -3. 

9. 120(3!'+*), 120SF' -42. 

Page 62 
I. 3. 3. 2, -2. 3. -1. 4. Double roots, 1, 3. S- None. 6, 3, 3, -3, 6. 

Pages 64, 65 

3. Use Ex. 3, p. 62, abscissas -1, 3. 4. Use Ex. 2, p. 62. 
6. I/- -151-7, X'-15X+23-0. 



I. Onereal. j. (±V|, TTV^Jj.ttoeted. 

3. (±v^, -l^'l'i), three. <- (-2±V5,23T10V5),iiiie, 

Faces 74, 7S 
13. »*+2»'+fil''+%*-2l'-»-0. 14. j'+lV+52j(-36-a 

PweTS 
I. One, between -2 and -3. a. One, between 1 and 2. 

Pasea79, 80 
I. (-4. -3), (-2, -I). (1, 2). a. (-2,-1), (0, 1). 

3. (-2, -1.5), (-IJi, -I), (3, 4). 4. (-2, -1), (0, 1). 
5. (-7, -6), (1,2). «. (0,1),(3,4). 

PaieSs 
a. 1, 1, 1, 2. 3. 1, 1, -2, -2. 4, 1, 1, two imaginaiT, 

Pate 85 

I. (-2, -1), (0,1), (1,2). a. (-4, -3), (-2, -1), (1, 2). ■ 

Patea89,90 

I. Single, -2.46955. a. -1.20164, 1.33006, -3.12842. 

3. 1.24698, -1.80194, -0.44504. 4. ±2.1213203,2.1231066, -6.1231056. 

5. 3.45592, 21.43067. 6. 2.15443. 

7. -1.7728656, 1.1642479, -3.3913823. 

a. 3.0489173, -1.3568958, -1.6920216. 

9. 2.24004099. 10. 1.997997997. 

11. 1.094551482. 13. 2.059, -1.228. 

13. 1.2261. 14. 0.6527-reciprocalof 2cos40°. 

IS. 0.9397. 16. 1.3500. 17. 2.7138, 3.3840, 

i& 5.46%. 19. 6.57%. ao. 9.70%. 

Pat« 94 

1.2. a. 3. 



Page 96 
I. 2.2tOCH099. 3. 2.3Sg3Ml. 3- 1-997098. 

Pace 98 
I 132° aO.7'. a. 157° 12'. 3. 4.8425364. 4. 3.1668771. 

5, 7. 15° 16i', 85' 56i', 212' 49', 225° 57'. 

6. 72° 17'. & 5° 66J', 25° 18'. 9. 2.5541949. 10. 1.85718. 

Page 99 

I. -1.04727^1.135941. i. -f±|v'3t. 

3. -l±t. 4. Idci, l±2i. 5. 2±t, ±2i. 

Pace 100 

I. 217" 12' 27.4" -3.790988 ndians. a. 42° 20' 471" doubled. 

3. 133° 33.8'. 4. 108° 3fl' 14". 5.21.468212. 

6. An|^ at center 47" 39' 13". 7. 49° 17' 36.5". 

8, 1.4303 r, 2.4690 r, 3.4709 ir; 257° 27' 12.225" more enuit than fint. 

9. x/' -0.6625, 1.891, 2.930, 3.948, 4.959. 

10. (t) 0.327739, 0.339224, 1124.333037. 

(u) 0.250279,0.894609,1.127839. [Set a: - 1 +y, y-lA and solve by trigo- 
nometry.] 

11. 3.597285. la. 10, 1.371288. 
13. 0. 326878, 12.267305. 14. 324° 16' 29.55". 

15. 10 yr. 4 mo. days. 16. 6.074874. 17. 6.13%. 

Page 103 

I. z -5, y -6. a. x -2, y - 1. j. x -a, y -0. 

Page X06 

Page iia 
3> "^ 4" ~8, 

Page 115 

I. X--8, V--7, *-26. 2. 1-3, V- -5, a -2. 

3. »-6,v-3,2-12. 4. a!-5, y-4.*-3. 

5, X--5, y-3, a-2, to-l. & i-l, y-*-0, to- -I. 



1. Consisteiit: y— —8/7— 21, a-5/7 (common line). 

2. Inconsistent, case {p). y Inconsistent (two panllet planes). 

4. Consistent (single plane). 

5. (i) i~-x-y-2; (tt) inconsistent; ('") *"^T2'''"*"^Z2■ 



(t-fc)f£-A) .... k-c a-k.. 

sistent if Jb is differ^it from a and c; (in) z — I— z— ;« if k—a, inconsistent if i^a. 



6. (i) x=- _ ; (li) y=^— -I, z=^— if fc-o or k=c, but incon- 



I. r=2,x:y:i~ -4:1:1. a. r-2, i: v :2-.-10: 8 :7. 

3. r - 1, two unknowns arbitrary. 4. r =3, x : v : c : u> — 6 : 3 : 12 :1. 

5.r-2, z.-i^-lfv, «,= -lJlx-V«. 

Page lai 

I. Ranks of A and B are 2; y- -8/7-21, «-5/7. 

3. Consistentonly whena-— 225/61andtheni'"— , !/=Z7i*"o7- 

3. Rank of il is 2, rank of £ is 3, inconsistent. 

4. Aandfof rank2, x=3, y=-2. 

Pages 136, 137 

fc(6-ifc)(e-fc)(t+6+c) ., . ,.^. . . ^ . ,. . 

t. ;c =-:; — TT — : — r, if a, 0, c are distinct and not sero and their 

a(6-o)(c-c)(a+6+<!)' 

sum i^O. Ifa=6T^c, ac?^0,equations are inconsistent unless lb —0, a, e, or — a— c, 

.,. fc(e-t) k{k-a) ... 

and then V"-:^ 7—*, ^ — —, r, a: arbitrary. 

a{c-a) c(c-a)' 

3. (a-(.)(6-c)(c-«). 4. (>^-»)(l/-«)C2-x)(av+Va+M). 

6. (o+(>+c+<f) (a+6-c-d)(a-6-c+(f) (a-b+c-d). 

7. (a+6+c+i) (o-fc+c-<0(o+M-c-(it)(o-W-c+(ii). 

II. Xi~{ki-ai) . . . (i„-a,)-*-n (a,-a,). 
23. z(a6+(ic+6c) " —abc 



p<-3p'g+5pr+g' 
r-pq 
5. 2p'-2q. 

3p'q>-ip*r-4q*-2pqr-9r* 
'■ ir-pq)' 

10. y-q+r/z. 

_4x'+px+q _.„„ 



12. »- 



-ai-p ' 



(5y*-12g)(p'-49) 13 
* 4(p'-4pa+8r} T^" 
6. 24r-p'. 

8. 27r'-9p5r+23'-0. 

II. ^-i^. 
2+2v 

p'g-pr+8 



Page 136 



3. Si=p'-23, Sj-p'-3p3, s.-p'-4p'?+23', 8i"p*-5 p'g+Sp?'. 

4. ssii~&'3"> <t— if & is not divisible by 5. 5. All lero. 



Page 140 

. See Ex. 2, p. 136. 

. ^ ^jc+VQ +^'i'^ic-^Q, Q=ic'-8'(j-0, 1,2,3,4). 



I. c*-2c,c,+2et. 
3. C|Cj-4c«. 



Page 141 

3. Ci'a-2ci'~ 

4. Ci'-2cic 



Page 14a 



a. 3ciCi— CtCi— 5ct. 

4. c,*-2c^,+2cic-2et. 



I. CiCi-4cjifn>3,CiCiif n-3. 
3. c»c,-4ciCi+9c.. 

5. y'-(p'-25)v'+(5>-2pr)!/-r'-0. 

6. y'-qy*+pry-T'=0. 7. rK>+25!/'+4pi/+8-0. 
8. Eliminate X by V =^ —X'- •)• Usep*— 9+pi:— y. 

10. -4+pr/a. II. (M-pr'+2pgs)/s'. 

13- (0 SoWcStf — SsB8»»(+rl+2S8,^+o+( + 2Sa+»8(+(— 6SB+»+t+,|. 



2a 
3a 



Ct—t Ct— * ft— I • • • Ci aft 

iriiere all but (lie lut tam in the main diagonal is 1, and all toma above the 
diagonal ate aero except thoee in the last ctdunin. If k>n, we must take 
e,-OU>n). 



(H) 



Page 153 

:. (e-l)«(i,-'-25)(»»-16). Ucf^i, y-:kS.X"0;y-M,x-+2. 







-4b-aK 



4. 2±3i, -2±i, ±». 



2. pqr—pU—r*-0,x*+r/p,x*+pz+pi/T. 



XI. See Ex. 15, p. 134. 
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